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XXI. 


ON THE IMPROVEMENT OF THE DOUBLE ACHROMATIC 
OBJECT GLASS* 


Feb. 9, 1844. 
[Note Book 28, pp. 151-209.] 


[1.] Single refractor: 7'for sphere, for any surface of revolution, for reflecting surface. 
[2.] Alternative method: A7'9, A7' for any refracting surface of revolution, 
[3.] Lens of revolution, preliminary. 
[4.] ТО for lens of revolution. 
[5.] Alternative method, Foci. 
[6.] Focal centres and focal length of a lens. 
[7.] Combination of two lenses in vacuo: 79, focal centres, focal length. 
[8.] Construction for emergent ray. 
[9.] Relations between initial, intermediate, and final rays. 
[10.] 7'9 for a single lens: expressions for Q coefficients. 
[11.] 7'9 for a combination of two lenses. 
[12.] 7'9 for a combination of two thin lenses, close together. Condition (B) for oblique aplanaticity. 
[13.] Condition (A) for direct aplanaticity. 
[14.] Rays in one diametral plane: general method for evaluation of 7' for instrument of revolution. 
[15.] Т? for a single refracting surface of revolution. (Indiametral rays.) 
[16.] ZP + 7, for two refracting surfaces of revolution. (Indiametral rays.) 
[17.] General method for evaluating 7” for any number of refracting surfaces. (Indiametral rays.) 
[18.] Т for any number of refracting circles. The equation in differences connecting oj, vj, о. 
Evaluation of o; for thin systems. 
[19.] Equation in differences when the vertices of refracting circles are distinct. Араф solution 
when the distances between the vertices are small. 
[20.] Alternative treatment of preceding. 
[21.] Expression for 7/9 for any number of refracting surfaces. (Indiametral rays.) 
[22.] Т9 and focal centres for combination of any two refracting surfaces. (Indiametral rays.) 
[23.] Focal length for instrument with three refracting media, 
[24.] Imagery in connection with focal centres. New form for the general equation in differences, 
[25.] Т® for any number of refracting surfaces, the squares and products of the intervals being 
neglected. Power and focal length. (Indiametral rays.) 
[26.] More direct method of obtaining result of preceding section, 
[27.] 7% for any system of refracting surfaces of revolution placed close together. (Indiametral rays.) 


* [This was the title of a paper read to the Royal Irish Academy on June 24, 1844, but never published. The 
manuscript which follows (obviously not prepared for publication) probably represents the work which led to 
that paper, and for that reason we prefix to the manuscript the title of the paper. There are no numbered 
sections in the manuscript; the sections as now printed correspond to pages in the note book. Slight verbal 
alterations to suit this mode of reference have been made in the text without comment. The formule underlined 
by Hamilton have been enclosed in rectangles. The synopsis of contents has been supplied by the Editors. ] 
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[28.] General expression for coefficient of longitudinal aberration for any system of surfaces of revolu- 
tion placed close together. 

[29.] Conditions М-0, N=0, for direct and oblique aplanaticity for any system of surfaces of 
revolution placed close together, the square of the initial obliquity being neglected. (Indiametral 
rays.) 

[30.] Application of preceding result to combination of two thin lenses close together in vacuo. 

[31.] Final rays in terms of М, М, О, the square and cube of initial obliquity not being neglected. 
Curvature of locus of focus when М 20, М=0. (Indiametral rays.) 

[32.] Herschel’s second condition of aplanaticity. 

[33.] Summary of calculations for deducing (A) and (B). 

[34.] Development of the equations (A) and (B). 

[35.] Comparison with Herschel. 

[36.] Equations (А) and (B) transformed into (A’) and (B), in terms of anterior curvatures. 

[37.] Focal lengths and aberrations of a system of refracting surfaces of revolution, close together at 
the origin. 

[38.] Application of the preceding to a single surface, a thin single lens, and a thin double lens. 

[39.] Foci and aberrations for oblique parallel incident rays (indiametral). 

[40.] Foci for oblique rays (indiametral). | 

[41.] Foci for oblique rays (indiametral), 

[42.] Foci for oblique rays (indiametral). 

[43.] Foci for oblique rays (indiametral). 

[44.] Foci for oblique rays (indiametral). 

[45.] Foci for oblique rays (indiametral). 

[46.] Exdiametral rays by function 7. System of refracting surfaces close together. 

[47.] Factorisation of 79, and evaluation of coefficients, for thin system. 

[48.] Arrangement of final rays (astigmatism). 

[49.] Combination of two thick lenses (indiametral rays). Evaluation of 0. 

[50.] Evaluation of Q,. 

(11 Single Refractor. 
AT = 2Ас + yAr --2Ау, 
0 = 2Ас + dyAr+ 02 Av, 
ign д2 =р$®+ 98у, z—pe—gy- (р, – 9) 
Equations.* ooi V gap nd une: & 
o=—pAv, Ат=-9Ду, 
Ac AT 
АТ= (2 — ре — Чу) Av = Av f (29 a AL). 
Ex. 1. Let 


2=0 +17101 М1 02 (а? + у®)} = о —т—%М/1 0 (43 


v being ordinate of vertex of hemispheric surface, c ordinate of centre, 7—1 — c — v = [radius of] 


* (Cf. Third Supplement, (17), (КТ), p. 216. These equations are general, but the rest of the work deals 
with an instrument of revolution.] 
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curvature, positive when surface is concave upwards, so that rays proceeding upwards fall upon its 
convexity. The radical is supposed to be positive. Then 


G-t ps- =, 4--2 , 


2—px—qy=c+(z— Б 5 


pu edim- 1o. Ce (z— с)? , 
2 —cis negative if r be positive, and reciprocally, 


— — -1 
SI р? + ф = =, 


s f(-p-q-5c-r1V1-pig), 


— 7 
"i AT =chv—rtav,/1 + ram. 


rigorously, for a refracting hemisphere (as I have often found before,) and indeed for a reflecting 
hemisphere, and for all laws of refraction or reflexion, ordinary or extraordinary. 
Ex. 2. Let 


2=0 + {т (а + у?) +13(2 yy; 
then 


=r+s(e+y), ра + у= т (а? + 0) + s (+y, 
2— ра – 49у =0— (02 + y)- 48 (ай +y}, 
P + 4° = 7? (a? + у?) + Irs (a+ у)? + s? (а? + у), 
(ph go rh (Pe yy бе; 
therefore, neglecting (a? + y*)®, we have 
(22+ 2) =“ (+4, spy rt? g) 2r s + Ф), 

pre в + Ф) 

TS Pn жас on 


P. 
a 


4 
y 


(0-р -9 =%- 


До? + Ат 8 (До? + Ат?) 


AR wet ду + a C 


approaimately, for a surface of revolution. 
By making s = $73, the ellipticity vanishes, and we get 


(“4 + Дт? (До? + Ат?) 


BET ый mo 14 
AT = (с — r!) Av — r7 ль SAU 


as by developing the rigorous radical expression in the last example. 


* [See footnote to p. 370.] 
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390 ХХІ. IMPROVEMENT OF OBJECT GLASS [1,2 
Ех. 8. Let there be a single reflecting surface* ; then 9% and v, will have opposite signs, and 
we may suppose, considering the т’з as vanishing, 
Uo = -У1-о3--1 + 302+ $04, 
я =V] -o= 1 — $0? — iof, 
Av —2 — { (02 + 02) — $ (01+ оф), 


44,2. (01—00) (ту — 00} (тү + o1) +8 (61—90). 
Т= 2v — 5 (oi + e — meno cca 5 (att 90) — МОЛ ГОО Та) 


and for reflected ray, 


2 = 02 dole om. 
91 


If incident rays be parallel to axis, then 


Со = 0, 
2 23 PROS м ЖАНА ue 
Т = 2v -— 3003 — {т 01— 4001 — 1g itag aĵ; 
æ=0; (2 -v — 4r) + $08 (z —v — 4r! + 4r*s); 
and when 
z =v + 477—1 = ordinate of principal focus, 
then 


= lateral aberration = 4r7*56?; 
or, reciprocally, when # = 0, then 
—v—4r = longitudinal aberration = — 0774802. 
For hemisphere, this last aberration = — 477162; for paraboloid, it vanishes. (Rigorously, for 
hemisphere, longitudinal aberration = 4r-1(1 — sec $ sin=/o3).) 
[2.] Another method of developing АТ, as far as small quantities of the 4th. dimension 


inclusive, is to make 
2= 7 + 29 +24, 


y — y, + v9 +v, 
Av = Ay + Av® + Av®, 
AT — ATO + ATO -- ATO, ДАТО = оду, 
ATO? = rho + yAr+vAv®+2@% Ay, 20 = 1r (a? + y?) 
ATO — v Av + 20 Дод +20 Ди, 209 = 1s (+, 
Ac --теАш-0, Ат+туДи=0, 
these last two equations giving values of w, y, which аге not indeed rigorous, but of which the 
want of rigour does not affect our present results; hence, 


Ао? + Ат? 
= "Ди 


Ao? + Ат? 


Ао +уАт = ni ovum. 


, £0 Au = 


ж [of revolution in vacuo]. 

t [That is, considering only rays in the diametral plane у=0. The medium lies on the positive side of the 
mirror.] 

1 [It is obvious that the substitution of the approximate values in АТ introduces no error of the fourth 
order; but it is not so obvious in the case of A7'9, If, however, we substitute more exact values for v, у from 
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and finally i ater 
Ao?+A 
2rAy ’ 


(Ao? + Ат?) Av %(Да3- Ат?) 
Jr Aj? AMA C 


ATO zm vAv® — 


ATO = vAv® + 


Also, for ordinary refraction or reflexion, 
у= ш 44 а ня т; 
p 
nq d ern ша (Өз ту: 
2u 8p? 
Thus, more explicitly, for any ordinary refractor or reflector of revolution, 


3 


ш tat rtAct+ AS 

x 24 и 2 Ap d 
yi 2)2 
Ute vn Bot + 47%, бт, (Дай + Ат?) | 
АТ 8 А т, RU Т ШЫ А nm T Ve" 


But we may also write, more concisely,* 


ATO) =vAv® — 20 Au; 
| ATO =vAv® + 29 Av® + 2 Ay; 


or, more symmetrically, . 
ATA = 2 Ay® — 2 Av; 
| ATO = 2 Av + 20) Av® + 29 Avo і 
in which 20, 29, 2% are the three first terms of the development of the ordinate 2 of the surface, 
and у9, у®, v® are the three first terms of the development of the component v of normal 
slowness of the wave; while 29 in АТ'® is to receive its first approximate value, obtained by 
substituting for z, y, their own first approximate values, deduced from the two equations comprised 


in the formula 
Ac da + Ardy + Av 529) = 0. 


[3.] Lens of Revolution. 
Foci, Images, Focal Centres. 
Now, let there be a lens. For it, 


ТӘ = (0 (02) — vD) — z(9 (YO — 0) 
+ P (P — v) — 4 (YP— UP); 


Ac=—pAv, Ar=—qAv, we find that the additional terms introduced cancel out, and we arrive at the expression 
for АТФ which follows. For a general justification of the method, see Appendix, Note 24, p. 507. Cf. also [15.] 
of the present paper. ] 

ж [These equations are the same as th ose at the top of the page. ] 


50-2 


www.rcin.org.pl 


392 ХХІ. IMPROVEMENT OF OBJECT GLASS [3 
in which 2? is a function* of су — со, т — то; and z(? is a function of оз — сү, т» — Ті; also 01,71 


are to be eliminated by the condition T that 


04 T 2) = 0, 
or more fully that 


0 = (2) — 2(0)) би® + (v(9 — v0) 6, 242) + (000) — v(0) 6,29, 
бу referring only to the variations of c1, ті. More concisely, if $ be thickness of lens, 


О= t6v(? T Apo 8,2% + Аш 5,49. 


Now 
820 = pda+qdy, 22%=pa+qy, *. 629-абр-- y8q, 
Ас Ат 
а hy iar) 
i Диод, 2” = — (21001 + 31971); 
Аш 8,20 = + (43901 + уабті); 
also 
v9 = — ар " 50 = mile fire, 
pa Ға 
һепсе | 
Hy 16 (03003 + 71871) = (4 — 21) 801 + (ya — 1) 971; 
that is 


0 = ш (22—21) — tox, О = ш (ya — 1) — tri. 


Another mode of considering the question is to observe that we have rigorously, if a1, Y1, 21, 
2, Уз, 22, бі, Ті, V1 be rigorous, the equation 


0 = (a — 21) бол + (ya — Y1) 871 + (22 — 21) ди; 
therefore also rigorously 
(aep 70, АА Ті. 
а-а 1 а-а а” 
that is, rigorously,§ 


if then we change the last fraction to x , or simply to ый if u be the index of the lens, supposed 
Я 


in vacuo, and substitute for 21, Y1, 25, Уә their 1st. approximate values, || we shall obtain corre- 
sponding approximate values for oj, тү, as linear functions of оо, To, сз, Тә, which will be 
sufficient to give T® and even 7 to the required degree of accuracy. 


(са — 01) - (тат) 1 


0) — yl)y2 
2rg (v9 — v) 


* [=A — eg? + (r1 — то)? 

1 ZATO › 
+ [Cf. Third Supplement, 11, р. 217.] 
і [The media being homogeneous, 8Ад=0.] 
$ [These equations are evident, since oj, ти, v, are proportional to the direction cosines of the ғау. | 
|| [From the equations Ac +72 Ag —0, Ar+ry ^p —0, of [2.].] 


2) = 
29-- 
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[4.] Thus for a lens of revolution in vacuo, uo = us = 1, ил = р, we have 
TA = v, vf) — 010020 — tv? + (w— 1) (2? — 29); 
іг-и(аз-а), try— p (Qa — 8) 
ri(u—1)2,—09—901, т (ш 1) у то ти; 
тә(в— 1) = сз – сі, т (ш 1) уә = Ta— ту; 
дан, =n: 


1 
ат, 99-- a (f+ aD, uf (от) 


Eliminating, we find 
— I (p — 1) тс = Ta (Fo — оі) — 7 (са — сі), &с., 
Nt Ro4-7,03— 309, RT, = тта — Тато, 
if we make 
R-r-rjt( — и?) 71721. 

Непсе 

ri! В(со— o1)=(R+12) rj 100 — 093 = 09 — сз + (1 —p™)ratoo, 

ry) В (сз су) = (В — r1) тїз + 09 = 09 — тз + (1 и!) itor; 


'' (ш- 1) Ва = со 0+ (1-м то; (и 1) Ry = то Ta + (1 и) rat To; 


(и — 1) Rag = 09— сз + (1 — pe) тіс; (w—1) Ryg=7)— та + (1 -- Ш) rita. 


As a verification, these give 
ш (аа - æ) zi (7 сз — T200) = оң. 


We have now the system of expressions 


сі= R (поз — raco); | т = R (тута — 7зто); 

И. ы гайт. zu ы ШЫ а To — Ta + (1 — u^) rato | 
(= 1) Е (ш=1)Е 

жататы „рг L E а +(1—p)rittes, 
(ш-1)Е (#—1)Ё } 


and therefore 
2p (p — 1) RP! (T9 — vg vf?) + ли?) =(ш— 1) (т сз — 120) + (riTa — 7зто)?} 
+ ит» {(то— оз + (1 — p’) тоз)? + (то— Ta + (1 — p’) ritta} 
— pry (со — тә + (1 — р) rata)? + (то — Ta + (1 — u^) rat то} 


393 


- — (тт) ((es ao)? (ra — v9? + (1 — uP rarat [т (03+ тр) — ra (08 +79) 


+(и—1)#х (&o); 

and this will be ” 
if BR (оз — eo + (Ta— 70)? — (1 — p) t (r1 (03+ 72) — ra (05 + 72))}, 
| | (тэ сз — "асо? + (тута — тат) — Wire (со — оз) + (то — та), 

which is the (&c.), shall be found to be 

=(ri-- тз) (71 (о? - 72) — ra (0? + т)) — 7173 ((o2 — со)? + (Ta — то)?); 

and, in fact, each 

| = тї (03 + т) +75 (оў + 72) — Wyre (02 + 72 — 0002 — тота + 0$ + 72). 
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Hence, finally, for any lens of revolution in vacuo, changing со, то, сз, тә 0 ао, Во, 0, В», we have 


Т® = — yo (в + B2) + der (03 + 3) — CT + В 


2(u—1)R 
NICE ACIE 


2uR 
В=т — 7 +(1- p”) rrt; t-v94—9. 


[5.] Another mode of eliminating ол, 7, is to form first the explicit expression (с, т being 
written instead of сі, ту), 


Т® = jo (ah + B) — ba (ah + 8р  g (o 79) 


(с — as)? + (т — Ba)? (s — a0)? + (T — 8)? 


2(u—1) ra 2(u—1)n 
_ E (o? + т?) — 2r, (0с + Bot) + 212 (Go + Вот) 
2(ш-І)тіт | 
гі ме ШӨ rz} \ a2 + В? 
+ („- "n Jod 2 = 2. 
ш 1 2 ш 1 2 
but 
Ro = 1,02 — 120, 
da 2 
Ж ЖАЛЫНДЫ. лана Pes 
and 


vı (05 + Bj) , ve (a3 + 8) 
: MUS ) 


—2(и-1) rir В (те - 9 


= (110 — T20)? + (7 8 — тә Во) + R (ra (a2 + 82) — т (03 + B5)}; 


which is already under a tolerably convenient form. But substituting for В its value 
T4 — Ta + (1 = ш!) 7172 
we are conducted to the reduction 
(110% — T200)? + (ry — 9) (r20? — 1102) = түт (a2 — 2а + 08) = тт (® — Ы); 
so that the second member of the recent expression becomes 
т1% {(® — &o)* + (Ba — Bo)*} + (1 — we) rirat (ra (02 + В?) — ту (02 + B3)} ; 
consequently > 
2Т =v, (a2 + 82) — v (a2 + 82) 

(аз — 0) + (Ba — Во)? i t {ra (a + 82) — т (02 + 82)] 

(& —1)R m: 


which may also be written thus: 


T2 = (а n А аҙ + B _ (а — в} + (В — Bo)? 


2(ш-1) Е 
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Such is the function T® for a lens of revolution in vacuo ; index u; curvatures ті, ть, positive when 
convex to incident light ; ordinates of vertices v1, va; thickness t= vy — v4; В = т — rat (1-м) iret; 
бо, Bo, direction cosines for incident тау, and a, Ba for emergent; approximate equations of 
incident ray * 


Ta eTo 
По — 6020 = — бао? Yo — Во20 = — 58 ° 


and approximate equations of emergent ray 
sT ФТ 
23 — 0528 = + da Ys- Bats =+ 55, . 
Parallel incident rays converge to (or diverge from) the focus 
1 
"IM OP M adio uff. АВЕ У 
"В ОЕ “ER GDR 

and the emergent rays are parallel, if incident diverge from (or converge to) 


т. ЕЦ 
98 @-DR “GAR 777748 (4-1)R 


[6.] я- a and vg — ZR in the expression for 79, are the ordinates of two points on the 


axis, which are sometimes called the focal centres of the lens. They are the points in which the 
axis 18 intersected by the directions of the incident and emergent rays, respectively, when those two 
directions are parallel to each other;+ and it is not difficult to deduce their ordinates by 
geometrical considerations, And ПЕ may not improperly be called the focal length, or 
(u—1) Е the power, of the lens. This focal length x the sine of the semi-diameter of a planet, 
will give the radius of its image formed by the lens. This image will remain unaltered in 
magnitude when the lens is reversed. 


For thé case of a sphere, the two focal centres ought to coincide in the centre of the sphere. 
Accordingly we have, for a sphere, | 


Ta = — 71, t= 2r7!, uR = 2n, 
and the ordinates become v+r;', оз – 7г!, which are equal each to the central ordinate. This 
ordinate of the centre being с, we have then, for a sphere, 


— о)? id 2 


The focal length (from centre) is OBS ЖР and the power із 2(1— u-3) т. This focal 
2(1- р) т 


* [The subscripts 1, 2 refer to the first and second faces of the lens; 0, 3 refer to the incident and emergent 
regions respectively. | 
t [These are the “nodal points,” coincident in the present case with the “principal points.” See Appendix, 

Note 25, p. 508.] 

1 [This agrees with the general definition of focal length given by С. Е. Gauss, * Dioptrische Untersuchungen,” 
Abhand. Kgl. Ges. Wiss. Göttingen, 1 (1838-1841), Math. СІ.) р. 14. Of. von Rohr, The Formation of Images in 
Optical Instruments (English translation), London (1920), p. 103, or J. P. C, Southall, Geometrical Optics, p. 233. 
Hamilton does not appear to have been acquainted with the optical work of Gauss.] 
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length = curvature, or image is on second surface, when 2(1--ш-1)--1, that is, when p= 2. 
Accordingly, for this index, the focal length of 1st. surface* is = diameter ; 
ш 2 
(и 1)т т 
The focal length of a sphere, from its 2nd. surtace, is 
(2— и); 
2(4-1)” 
І р = $, this last length = $r7! = half the radius. 
For any lens of revolution in vacuo, if we denote the ordinates of the two focal centres by 
Е’, F”, and the focal length by F, we have the expression 


То = 4B" (а + B) - EE" (а + 8) — $F (as — a0)? + (В, — Bo) 


And the properties of the lens, independent of its position (and of aberrations), depend only on 
F” — F' and F; in which 


"i xu 71 — Ta _ (un — 1) t е) _(и—1)й 
P F -(-y Бетте Е | 


$ being interval of centres of curvatures, 
—0—0-rl!-rl- t. 
The focal centres close up into one, Ist. for ¢=0, infinitely thin lens; 2nd. for 4 = 0, concentric 
surfaces. 
[7.] For a combination of two coaxal lenses of revolution in vacuo, we have (the order being 
a’, a, а”): 
То = $F (a? + 8) - ФЕ @+ 8) – Р, Ө -(8-— 8) 
— 2 (er В") + ЕЁ» (02+ 8°) EF (а-а”)-(8-08”)) 
pie ir (a? + pg?)-ir" (o? + 9?) —-iF (CH —a y V (g" M 8% ; 
(Fy - Fy’ — Р, – Р.) а + Ра” + Ра z0; 
(F, – Fi'-Fi—-F,) 8 + ВВ" +Р.8 =0; 
(Рза + Ға) 


B ДЕА WE 2 n ТҰР А H 
+ (F; — Fi! — Р, – Fi) + (Ра + Ра) а ag" FU-E-R © 


AF " , ” " pe j 
SPFP Arry) Аа dy uu" Fat yo Qe Fo) a + Руа?) 
Е; (Fi + Fe) Е, (Fy — 9) 


AU - D Ж ө! Sh OR d. 1 ЧЕ ЕРЕ РМ ый уа S LA 
НР оте рта горео а ОЪ тре меча аар ц, 


Fa (Е, + Fo) = р" Р, (Fy — Ру’) 


Жин a АЕК un ан ar гету An рер „у 


* [Marginal note by Hamilton.] For a single refraction out of vacuo, at origin, of direct parallel indiametral rays, 


for focus, 


t [This expression is valid for any optical instrument of revolution in vacuo. } 
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Thus, if Еу’ = F;, that is if 1st. focal centre of 2nd. lens coincide with 2nd. focal centre of 1st. lens, 


we have 
и, Е, Р, E = ғ oF oz or. 
F= FE Е'= рү; F MN 


that is, the 184. focal centre of 1st. lens will be the 1st. of the combination ; the 2nd. focal centre of 
the 2nd. lens will be the 2nd. centre of the combination ; and the sum of the powers of the two 
component lenses will be the power of the combination. 

For example let there be two hemispheres, vertex to vertex, as in the figure, not necessarily 
of equal radii, nor of equal indices; the last emergent ray will be parallel to 
the first incident, if the 1st. refracted ray pass through the common vertex of 
the two hemispheres; and then the focal centres Fi, F, of the combination, 
will evidently coincide with Ру and FY’, of the two hemispheres. As to the 
power of the combination, let ду, из be the two indices; рі, р» the radii; the 

common vertex origin; then for parallel direct incident rays, the ordinate of the point of 


convergence after passing through the Ist, lens is 3 ра т} the power of that lens is therefore 
ш 


кА (because vertex is 2nd. focal centre and is at origin); the convergence, immediately after 


entering the 2nd. lens, is 


=a ду AL ур 


corresponding focal distance 
Ы pa pipa l 
(а- 1) pa + (m — 1) pr’ 


pa (р. — (иа – 1) ра), 
(ui — 1) pa + (иа — 1) pr’ 
ааа “= to 5s ‚ара we get focal length of combination (measured from 7;') 


subtract р», and there remains 


ETE S ^. an ewer, 
i) (ра — 1) pat (в — 1) р 
.*.' power of combination 


1 үз-1 
рі P2 
= sum of powers of the two component hemispheric lenses, as it ought to be, 

The same theorems hold good for any two plano-spheric lenses, with vertices placed іп 
contact. 

[8.] Using the expressions of [6.] and [7.] for the function Т® of a lens of revolution 
in vacuo* / 
2Т® = F' (a? + 8?) – P" (a"* + В") — F (а — a^ -(8" — BY}, 
in which F’, F” are the ordinates of the two focal centres, and F is focal length; the equations 

* [The single accent refers to the incident system, the double accent to the emergent. The expression is valid 
for any instrument of revolution in vacuo.] 
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of an incident and of the corresponding emergent ray are, respectively, in the present order 
of approximation, 


a’ = а (z—F)-F(c' —a), 
y =В'(#-Р)-Р(В"-В’); 


and 
a" =e al (z^ — Е") AM F(a’ ail a’), 
y" i B" (2” ns Е”) E F(g" ae В’). 
Непсе 
-- Fe”, у -- РВ", when 2 =F" – Е; 
апа 
| д’ а Роу = Fg', whens =F" + Г. 
Also 
‘ a =a --- Ғ(а” – а), y” =y' =- Е(В" — В’), 
when 


2’ е; F', z" P A 


Е’, F”, focal centres; 
РЕ = F" P" = focal length. 
If P'F' be direction of incident ray, F” P”, parallel thereto, will be the direction of the 
emergent; and the last algebraic theorem shows that if G'G” is parallel to F'F”, and if the 
direction of the incident ray passes through 6”, then the direction of the emergent will pass 
through G", or will be G" P", if Q'G', parallel to P’F’, be the direction of the incident ray. 
This theorem gives а very easy construction to determine the emergent ray G” P”, corresponding to 
any given incident Q'G', when the points F', F”, and the focal length F” P" are known ; for we 
have only to draw 676”) F” P", and so determine two points 6”, P”, on the sought emergent ray. 
A geometrical proof of the theorem may be һас by taking P” R” =G"F" (= G'F' =Q P'), 
so that F’’R’ shall be parallel to ОҒ” and to GP”. Then, because of the position of the 
point Q’, the incident rays Q'F", Q'G' have their corresponding emergent rays parallel to each 
other, that is, the emergent ray corresponding to Q'G' has the same direction as G" P", But it 
also passes through P", because the parallel incident rays Q'G', Р’Е’ give emergent rays which 
meet on E" P", and one of these rays is P" P". Thus a certain incident position (Q’) gives the 
emergent direction (parallel to P" ER"), and the incident direction (parallel to P’F’) gives 
a certain emergent position En ). 
For a single lens, 

P 6 ЯЕ, F"LIy— = F- Е R=1r-72+ 1 —p™) тті; 
т , u LR) ( p —1) сыр: 1 2 и 1720, 


and for a combination о} two, 
FF, 


aS АИ 21, Pu т. ПЕЕ pu " 
FEFeFEC-F! Ж” Минет ды ыйы Ғ = Р, пу А 
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For a telescope, 
Foo, Fi+ F= F; – Fy’, Faa” + Ра’ =0, Е.В” + РК, В’ = 0, 
дыга Р, 
magnifying power = — E 
2 


[9.] For the combination of two lenses, by [7.], 
a N и Ж. В В" B 
РИ FURR 
а, В belonging to the intermediate ray (between the lenses); о, В’ to initial, and о”, В” to final 
ray; while F;, F}, P are the component and resultant focal lengths. 
It is easy to explain these equations, geometrically, by the aid of the construction in [8.]. 


Br ar и с? : e 


7 и 4 
oh hak ' 

Let an incident ray G1 6”, parallel to the axis, take the direction G?^ P, after passing through 
the 1st. lens, and the direction G" P after passing through the combination. Let Fi, Ру’ be the 
focal centres of the Ist. lens, and F’, F” of the combination. Then, by the theorem of [8.], applied 
to the 1st. lens, 

Fi GY = FG; 
and by the same theorem applied to the 2nd. lens, 
Ж” yer am F'G': 
but because the 1st. incident ray is parallel to the axis, 
| F'G' = FiG;; 
therefore 
p" С” - И GY; 
that is, 
Fo" = Га, 
when а/ -0. In like manner, if the final ray be parallel to the axis, the intermediate and initial 
rays will meet the ordinates to the axis, erected at the anterior focal centres of the 2nd. lens and 
the combination respectively, at heights above (or below) the axis equal to each other, because 
equal to the height of the final ray above (or below) that axis; therefore 
Еа = Рза, 
when a" = 0. If then we admit, as known, thet a linear relation, without a constant term, exists 
between a, a’, а”, we see that it can be only that written at the beginning of this section; and 
similarly for the relation between В, В’, В”. 


[10.] Aberrations of Lens. 
For a single lens, by 12), [4.], if a, В be the final and a’, В’ the initial direction cosines; 


- ‘ ; Ў (e@+y. 
р, index; v, v2, ordinates of vertices; ту, rs, curvatures; 51, 82, coefficients of ( 5 Y ) in develop- 


51-2 
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ment of 2 for the two surfaces; t, thickness, =v — v; R —r,—ra-- (1 — u)rirat; we shall have 


TA = а (а? + 8")? – з (о? + 8°) + s (о? өле 


ril(c—a' y + (т- В’) (а? + т? : rg! (с «(т В) (от, 06 
"a np Ол +8) + а | - (e+ 6%) 
rit (oe вто a + (7-8) 
КК TESI: n (p-1P 2? 
in which * 
= К-1(70— 0), т=В- "(т 8 – т 8'). 
Непсе 


Rr! (в-а’) = т (та — (тә + Б) а) 2a —o! — (1-и) rata 
Вт 1 (с – а) =r}! (т —R)a— rz} =a -a —(1— p’) nto; 
and 7%, as an explicit function of а, 8, а”, В’, becomes 


ТӨ = (аз B — pv, (a? + BP + Шы R- (ra — та” + (B — ть’ 


nui R^* { (а= а —(1—p) rg pte | (та — rea’)? — wR? (0? + 7 
4(u — 1) +B- – (1—07) rst) (+ (8 — ть В’)? 


тан Е | (а-а — (1 — u) ien ic ue Rent e ш 
+ 


AIF t (8-8 —Q—u7)ntB] (B n8? 


sR l (аа но оњ í (а-«-(1- и) пау 
400—1) (08-8 – (1-1) rate’) ~ 200—1) [4+ (8-8 - (1—62) ty 


(Accordingly this expression agrees, some slight differences of notation excepted, with page 1 of 
my investigations begun Jan. 13th. 1832, which is stated to agree with page 32 of 7th. series of 
investigations respecting lenses of revolution, written in 1831.1) 


If we make for abbreviation 


є=02 +8, e= + ВВ’, е-аз-- 8°, 
we have 


(та – те) + (48 — 1728’ P = 72 e — 2rırze, - 72e ; 
(x — a' — (1 — po) rata’)? + &c. — —2(1 4+ rot — ui rot) e, + (1+ rst — pret)’; 


(a — o — (1. — шт) rta + &c.— e —2(1— rt - uynrit)e--(01 7t unte; 
if then we make 
1+ rat — u^ ret = рә, l—nitctuwlnti-p, 


* [These relations were given in [4.]; they also follow at once from the form of 79 given at the beginning of 
[5.], by making use of the fact that this expression has a stationary value with respect to с and т.) 
+ [We have not been able to find either of these among the Hamilton MSS.] 
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we shall have the following more concise expression: 


те 2 ез- -$* P+ wR (rte Brine Trey 


n4 1 RA 
| 4(u— 1) 
FALL dii. Эн 1R-4 
та. 1) 
8, R- =4 (e 
4—1 


(e — рае, + pre’) {r2 e — 27те, + (r2 — wR?) е] 
(е — 2pre, pie) (75е — 2rıra e (rj — №”) е) 


- 2pse, + р € P= w D (е — 2pre, + рї e). 


(Function 7, for ANY SINGLE LENS of revolution in vacuo; 
и, index; v, va, ordinates of vertices; $, thickness; 71,7, curvatures; 


2 
81, 52, coefficients of (^32) ; R=ri—ra + (1 — №") rivet; ps, pa, 
е, e, е, abridgments, as above.) 


If we write, for abridgment, 
ТӨ = Qe + Q, ee, + Q’ ee’ + Q, 62+ 0, е, є t Q" e?, 


401 


and substitute for R~ its value (и — 1) Р, Р being focal length, we have, by above, for any single 


lens of revolution in vacuo: 


= — hve dip? (p — 1f Pert — 357 (p — 1? Fert + fu pire (2-1) F* r$ — д) 


+4 (æ – 1) (8 – pis2) Ёё; 


0" = фл + р - 1f Ре + и (u— 1) РА фт рат Р? ((u — 1)? Fr; — 


– (u — 1) (8 — p381) Р“; 
Q, —— itu? (ш — 1} Рат + 197 (и — 1) Ра (r2 + pari) 

-ішіріт Р? (u — 19 F?ry (т + рут») — в} — (ш — 1) (pass — pi se) Р*; 
Qf == Ma (a -1* иаи - 19 Fri (r + piro) 

+ 4p par, Р? (ш — 1) F? т» (т + pari) — ш) + (и — 1) (152 — pi si) Р“; 
Q = {ш %(и- 1) Рур — fp ry PF? (и — 1)? Р? (г + p2r?) — м) 

+ fp re Р (p — 1} Р? (тї + pig) — ш) ++ (и — 1) (рв, — різ) F^; 


Q, = ste (и – 1f Ра тута – ut (р – 1) rir, РА (pars — pir) + (и — 1) (p351 — різ) Р“. 


Hence, 


2 (2Q' — Q,) Е = ru т + (p— 1? Р? (т (piri + 71) — ту (рёт + 73) + 2713 (pari — pia)]. 


When £ = 0, this last expression reduces itself to (1 — ш) (rı — r2); and 


Р F 
2Q -%,-2 
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[11.] Changing first р, t, R, to ра, t, Ві; then changing 


м, А, Ry, v4, V2, 71, T2, 81, 82, Рі» P2, 6 Е,, e › 
to | 
” 
: е Иә» te, Е», Vs, Va, Тз, Та, 83, 84, рз, ра, 6,6,6, 
in which 
Re = r3 — ra + (1 — ug) faratz, 


te = V4 — ts, 

рз = 1 — зі + py rste, 

pa = 1+ Tate — py Vale, 

е ea gn, 

e, c au" + ВВ"; 
and adding the two results: we find for any combination of two coawal lenses of revolution 
in vacuo, 


TM = iue? + 1 (vs = Va) e- lue"? 
+ thy Rr4 (rie — 271736, + т) 
+ ъи Е. (,3е” = 273746, + тє)? 
re— rire, + 26 
УАТ (ріа- r1) e — 2 (pyra — рат) є, + (ra — pr) €] 


үзе” — 9rar4€,, + тє n 
3 2 еу А oda — r3) е —2 (Para pz pas) €, + (ra 2% pis) е) 


+ даа DRE 
Et. А м | 
ew ери —1) {rye (e — 2€, + рые )— roe (e€ — p1e, + рї є)} 
Rj" ” 
+ 4, (ре ad 1} [rae (е” Md 204€, T pie) == pe (e — 20se,, 4- pie") 
x" se^ 
* i arm Я i» 7 pre, + рде) — iurc — 20e, + pre)? 
e $ т 
+ ion TAA — 2p,e, + pre)? — nm (e — 2pse, кре”); 


(Function 7% for ANY DOUBLE LENS of revolution in vacuo.) 
which may be reduced to an explicit function of е, e/, е”, in which 
e/ 2 d'a" +В", 
by employing the relations 
а= F(Fi a! Fa), B-F(F,8'-Fjg), 


which give 
є, = РР Fg (Fe! + Fie’), 


e, = РР, F (Ре + Ре’), 
€ = F? F7’ F3’ (ЕЁ, e” +2F Foe,’ + Fe). 
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11, 12] XXI. IMPROVEMENT OF OBJECT GLASS 
Also, 
Ry =(m1-1) №; Юі-(ша- 1) Р. 
[12.] For the case of two infinitely thin lenses, close together, we may suppose 
О == 2 = Us = 14 = б = t; 
Е-т-!", В =тз-—Та; 
рі = ра = рз= ра= 1; 
Fi =F =F; = Fy = Е' =F" =0; 
Кл=Ё\+Ё;!; FKi-(ga-l)n-r Ёз; =(из— 1)(тз— ra); 
and calling these last powers рі and рз, (F^ = pi + рз,) we have 
(pit pa) а = pio" + pact, 
(pit py) (a — 4^) = pı (e —a'), 
(pi py) (a — a") = pa (а — а"), 


, Pr a " , , 
є — 2e, + € AETI (e" — 2e; + €), 


2 
"зи +e (В 2) 6-4 же), 
and 7% becomes divisible* by e” — 2e; +e’. 
(Feb. 13th. 1844.) And if we make, for abridgment, 
a = f'a + fa", 
yt ы F, Lj "S F, 
; Р, + Fa- (F; -FIY Fi + Fa- (Fa Р)’ 
so that for the case here supposed /” + f” = 1, then 
а-а =f" (а” — с), a’ —a = f' (a —a’), 


€ — 2e, +=} (d —9e/ ке) є' – 26, te= f"? (e —2e/ +’); 


and the quotient of the division of 7% by e” —2e/ + є is composed of the following parts 


(rie — 2rirse, + re) (г. — т) f"? — Р? 


унны РАЙ, NEM" 
1st. 4ш (ш am 1) (71 ER та 4 (ті Ti =.) 1 € ) 
_ Р? ү ӨӨ» 
= epi О —тз)@ + тү fla” + &c.} 
= elf ыла” — nef" в] 
"Am(m-re c | {з 


112 
= — i. (6 — ra) ре + 2f'f" (те, — те) + / (,2е” — 2түтзє, + e); 
1 


гро аа 


* [This is true for every “thin” system. See Appendix, Note 26, р. 511.] 
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ond (rie" — Зтзтае, +746) (та 7) f? _ Ж Ж. (өза — raa} + &e.] 
tte Gia iP rU бш па 
— р? 


АТ a” + rza” — ro f^» + бе.) 


2 
RE s (rs — 74) f? e" + 2f'f" (rs e" — 746, 
ЕЛІ; 


і jj: 


f(r ғы» е) Р? , ЖР. 7 ы! 
rik VG E {rye га if 2e + 2ff"e +f 2€ )}; 


f? (rse — те” ) Р? ә "or т Я 
ьт суа ПОЛЕ 


(81 — 82) f^ (е — Qe,’ + e") тті 
ыы. ТЕ t= P (n - 8) (e 267 €); 


(83 —5)/*(€" —2e +e) т-іш _ pt уг és ail 
6th. CERTI n Р (83 — 84) (є' — 2e/ + €). 
4 

Непсе, 1п irs , the coefficient of е”, (because 

e, 
f"FA-Fj-(u-l)(n-rn)-pn. 
fFA-FS-(a-1)(m-n)-p, 
Fo = Еүі+ F3’ = p + pa) 


is 


_ ба 1) — 75 (14 — 1) (ry — та) + (pa — 1) ra}? 


+ (ш- 1} (r1 — r2) (rs — тә) — та (м — 1) (ry r2) + (из — 1) (тз — та)? 
+ (м — 1) (81 — 82) + (ua — 1) (83 — 84); 
the coefficient of e' 1s 


ce Dry cn) B= (qa 1) 07) (а-а 


+ (ua — Y (rs — та)? (rs — ra) + s (а-1)(ғ- тә) + (из — 1) (rs — r4)? 
+ (ил — 1) (81 — 82) + (ua — 1) (83 — 84); 
and the coefficient of — 2e, is 


wu (n — 1) (ry т) ра 1) (ra— ra) — (а 1) ra} 


м x^ Dni (ra — rà) (n — 1) (i — 79 + (в 1) т) 


+ (ш — 1) (ua — 1) (r4 — r2) (ra — rs) (rs — ra) 
+ (pi — 1) (81 — 8) + (pa — 1) (8з — 84). 
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(Feb. 14th.) By above, if vı = v; = v = v4 = 0, that is, if the two lenses be infinitely thin and 
close together at the origin, then 


V = (е” Ж, 2e, + е”) (0е” a2 +0, e, + е); 


in which, АР-40, 4F-*Q", and F-*Q, have respectively the values assigned above, as the 
coefficients of е”, e and — 2e,’, in 


4 (e" — 26, e)! FT, 


-(E--ur, 


The coefficient of e" in T® is* 


therefore if longitudinal aberration vanish for direct parallel incident rays, we must havet 


— 1 Ре" + Qe? = const. + const.’ VI — e” = const x (— $e" — е2), 


Q--47. 
(Compare р. 383,1 Q- 1P, Р= – } Е.) Hence 
4F-4Q = -4 F, 
0,--20-%0,; 


if then Q, — 0 (see same р. 383,) we have 


AF-*Q-- FQ, —0; 
and if О = — 1 Р, then also 
FR, – AF-*Q-— F^; 


an equation which, it is remarkable, is independent of s1, S2, 83, 54; and is divisible by F-*. The 
quotient of this division gives, 


| (1 — py") ry i — ra) + ы (ra — та) (Оа — 1) (ri т) + (Ha — 1) ms]. 
+ (pa — 1) (r1 т) (ra — r3) + та (а — 1) (ra — r2) + (ua — 1) (rs — 74)] 
= {(ил — 1) (r1 — r2) + (ua — 1) (rs — 72)? ; 

that is, i 


bs pa (рі + pa) 


My pars + my para + ру (ra — 7з) + (pit р») ra + iu d 


= ( pı + p2): 
or finally, 

(ur! + 1) px (rs + т») + (ug! +1) pa (ra + та) = (uz! — ng!) p? + (uz? + 2) (pi + po. 
(Equation (B) of Jan. 2nd. 1844.) 


ж [Cf. the expression at the beginning of [8.]; F” =0, since the focal centres of the thin combination coincide 
at the origin.] ; ; 
+ [In order that the emergent rays (corresponding to an incident system parallel to the axis) should all pass 
rigorously through a single point on the axis, it is necessary and sufficient that when we put а'= 8' = 0, we should 
have T=k+k' y", where Ё, / are constants. | 
: { [This reference is to the letter to Prof. Phillips.] 
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AF-4 T 


[13.] (Feb. 15th. 1844.) Since the coefficient of e” in е-е +e is 47—Q, (for a thin double 


lens of revolution in vacuo,) while F^ = p; + ps, we ue 
4F-4(49 +5) —4(ш- 1) (8; — 82) — 4 (ua K^ 1) (ss — 84) = — (1 -ш 1) &e. 


т» рь. ( 


Г m, ФА + Pa %(т1-1)(% + ді 


=—(1— ту) р лел ары) мы 


+ app |р ak ETAN — ("1+ ra) +з ктр +2 (р + pa) | pi ТЕП + 2 (pa + pa) 


----(1 — m3) px (r3 + rg — (1 — mag) pa (уз + та)? = 2 (1 +m) р? (ті + 72) 
— 2 (1+ ma) (p3 + 2ps pa) (тз + та) | 


2— т? 2 — 


2 
р} + "а p3 +2 (3 + 2т») px pa Cpi + рз); 
2 


1-т 
this last quantity, therefore, when added to 

4 (ш -— 1) (81 — 8) +4 (ш = 1) ($3 — 84); 
is to give an evanescent sum, if the longitudinal aberration is to vanish, for direct parallel 
incident rays. 


1- 11 


If the surfaces be all spheric, then s, = 473, &c.; therefore 
4 (m — 1) (81 — 8) = 2 (m — 1) (rj — r3) = 2p (тү + irt 75) = ы {4 (ry + ra)? — nir] 


qma n? 
m a {3 (r1 +72} + (r1 — 79] = 2(1 ame + 3р1 (тз + 72), 
4 (ua — 1) (83 — 84) = &с.; 


therefore for a thin double spheric lens in vacuo, the condition of direct aplanaticity is 


(ur (00v g)-) 


(m + $) р (rs + та} + (ma + $) р» (тз + та — 2 (ma + 1) pa (pı + pa) (тз + тч) 
— 2p, ((m; + 1) ps (r1 + r2) + (ть + 1) pa (7з + 74)] 
4 — 4an, — т? + 2m? 4, 4-4та- т + 2m Е 
3ü-mp М" 3-mp 
while the additional condition for OBLIQUE APLANATICITY } is, by end of [12.], 


саға): 


(m; + 1) ру (r1 + т») + (ma + 1) pa (7з + та) — (m3 — ma) p — (ma + 2) (pı + ра) =0. (В) 


+ 3 + 2 (3+2т») рур» (pr + рә)= 0; (А) 


* [m,=pz}, m,—p;!; see next page.] 

+ [Earlier writers had used the word aplanatic to mean free from spherical aberration, the incident rays being 
direct. In modern usage, following E. Abbe, the word implies in addition the satisfaction of the “ sine condition,” 
which gives absence of circular coma of all orders (cf. G. C. Steward, The Symmetrical Optical System, p. 51). 
When Hamilton’s conditions for direct and oblique aplanaticity are both satisfied, the system (being free from 
spherical aberration and coma) is aplanatic in the modern sense, to the order considered. See footnote to p. 429.] 
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These equations (A) and (B), which had been deduced in former investigations, were used by 
me оп the 2nd. of January (1844), to determine the radii for the four surfaces of Mr. Phillips's 
double object glass.* та, ma are the reciprocals of the indices of the two component lenses; 
Pı» P2, their powers; 

“Әі-(тү!-1)(ғ- т), Ра-(т;1-1)(7- ra); 
71, T2, T3, 4 being the four successive curvatures, positive when convex to the incident rays. The 
equation (A), under other forms, agrees with known results, for example, with Herschel’s; the 
equation (B) is my new condition, for the improvement of the achromatie telescope. (See [33.], 


[34.].) 
[14.] Rays in one Diametral Plane. 


(Feb. 15th. 1844.) Let me now recapitulate, or reproduce, the most necessary part of the 
foregoing calculations, for the important case where the rays are supposed to be all contained in 
one common diametral plane of the instrument, which we shall take for the plane of az. 


In any one medium, index р, 
^ A x a’ д 2” aa gf 
с = ра, у-шу, а?+ и = џ?, адс + удо = 0, = ——, 


а y 
(a! — a!) 8a + (2 — 7)8v 20; 


| Ахба + Azdu=0. | 


For any one refraction, at surface 82 = pda, До = — p Av, 


| Ao da + Аибг = 0. | 


Thus, if light pass from 29, zo, to 2,41, 2а+1, undergoing n refractions at a, 21, .. Ln, Zn and 
having its components of slowness successively со, vo; 91, v1; .. Tn, Un; We Shall have 


(xy гр жу) 609 + (21 2% 29) dup = 0; (с = со) бал + (и! – vo) 02,20; 
(za — a) 621 + (22 — 2)) 9v — 0; (оз — 01) баз + (va — vi) 025 = 0; 


or more concisely 


ооо оо оо о оно eee Oe 


(£41 — Sn) бот + (241 — 2») би, = 0; 
therefore if 
Ту = у (ту — со) + 21 (01 — vo), 
Т, = Xe (сз ет ту) + 22 (va € vı), &с., 
and 
| Т= Т,+ Т»+..+1Тһ„, 
we shall have 
eT = ҰЗ! бо, ҹә 2600 + Zn410Un — 20 Sup 


a 
= (жы =» = ы) бо, ы c ieee a) da. 
Ya А Yo 


If, then, we consider Т ая a function of во and on, we sball have the two equations 


0 m өте бо , n+l Yn ntima бо, › 
* [See р, 384.] 
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of which the one may be considered as belonging to the initial, and the other to the final ray; 
whether these final and initial rays, or portions of one bent path of light, be in vacuo or in any 
ordinary media. And so far all is rigorous. 

Now, let the surfaces be all of revolution about the axis of z, and let the course of each ray 
be little distant from that axis; then we may make, approximately, 

и= 30+ 00 00, a= A+2+20, 
Т; = ТӨ + Т® + 79, T=T%4 ТӘ + T0; 
neglecting terms small of the 6th. dimension in 7. 
TP = (Y- WM); TP = AV ИӘ) + P9 — WO) + (оз азы); 


АТТИЛА) 
іп which, 
о? : 
Wam; Wet; Wat, 
| ЖҮ eds 92 Өте оне 74 
and we may write 
200 = 5 29-іги); 49-15. 
Considering 7; as an explicit function of z;, оу, c; 4, we have the rigorous equations 
87; 81 
ба; к me бо; Mi дс; ' 
namely n of the Ist. sort, and n — 1 of the 2nd., to eliminate the 2» — 1 auxiliary or intermediate 
quantities 2,.. En, 01, .. Cn 3. 


[15.] We have therefore 2n — 1 approximate equations of the forms: 


2879 (PP +78). 


ба; f бо; 


which are all linear with respect to the quantities 2 and с, and determine, approximately, values 
for 41,..24, 01,..On—1, 88 linear functions of со and cn; and if these values be substituted in 
TO +..+ TË, the result will evidently be 7; as, still more evidently, Т®+..+Т® = То. 
But, farther, since we have, still more nearly, 
(2) (4) 
о +; о (TP TP + TP тб; 

therefore the errors of the approximate values, above deduced, for 15+. Pg, 01,++On_1, are small 
of the 3rd. dimension; the error, therefore, produced in TO +..+ TO, by the substitution of 
those approximate values, is small of the 6th. dimension, because it depends only on the squares 
and products of those small errors; consequently the substitution of the correct values of 2, .. £n, 
01,.. 05-1, in Т®+..+Т®, would contribute nothing to 7, though it would to 7; and 
therefore we may write 


TO= TP+. +T’; TO-TD..—-T79; TATP.. +T; 


of which expressions, indeed, the 1st. may be considered as useless, but of which the two others 
are very important, and in which the approximate values of ат, .. 6-і are to be used, as determined 
by the equations at the beginning of this section.* 

* [See Appendix, Note 24, p. 507.] 
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Ву [14], 


Т =} v; (рг! 194-177 № 1g?) + (9; — pia) та + (e; — с; л) ах; 


57% 
i ет е + (Mi — pi) rivi; 
1 
2) 
pi = — Vili 10%; 2 =— Hirt Vui! о; 
i 


therefore the 2n — 1 linear equations referred to above are of the forms: 


0%- 061, Oi Яы- 
er ee > TIL ? 
Mi— Mii Ш Viii 


"TOM 


those of the 1st. form expressing, with an approximation sufficient for our purpose, the law of 
refraction; and those of the 2nd. form expressing the law of rectilinearity. Under these forms 
they might have been deduced by more elementary considerations; thus the 1st. form, being 
equivalent to 
Qj + Tid _ Hii 
Qi- -ти pi 


is easily seen to give the law of the sines, to ап accuracy of the 136. dimension, or indeed of the 2nd., 
inclusive, But the foregoing analysis is important, as showing that after calculating Т® with these 
approximate values, we need not employ more exact expressions in order to obtain T® to the required 
degree of accuracy, but may simply substitute the same 1st. approximate values in T +.. + ТФ, 


For a single refracting surface, eliminating «;, we find 


2TP = vi (Mr 02 у — we of) — rj (pi ша) (о — ci; 


or, more concisely, 


[16.] For two successive refractions, the linear relation between c; з, Ci, c;,1, may be obtained 


by adding the recent value of 7f? to that of 72, and equating to 0 the differential of the sum, 
taken with respect to с;; which process gives 


0 = (ин — vi) p; ei ту" (pi ш 1) (04 — аа) + 


ті (bi — Mi) (Cipi — о); | 


a result which may also easily be obtained by eliminating 4%, z;,1, between the three equations 
— riv; = (Bi щл) ^ (ci ол), — Tipi tipi (nia — B) (ты — 0), 
P lg; = (vi. — vi) ! (vi41 — 44); 


that is, between two equations of refraction, and one equation of rectilinearity. 
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For a single lens in a single medium, ил = pi-1, and if we make 


Ri = Vint р; (hi — шл) та (Vi — Vi), 


then 
Risi = Nig — Vigna Cim; 
also 
27 +27, — игу (ioi, Vizi 0143) — (Mi а) Qr Pira 711001) 
= {( ы— u;!— (ui шл) (rz?! тра) o? 
+2 (ш- pia) irn gi. 77 "o сіл} о 

—riirilh(u-mwa) {&;о? + 2 (та oa — risig) сд) 

=r; (ш ша) Ву" (чода riaria); 
and 


(rio2,1 — 5102 1) (ri— T3) — (оа Тиле = TiTi (Ci — 6 га}; 


t9 (T9 + 1) = Pi (vic? | e 0241) + 42 Е; (via — Vi) (ri оты audi d! s 631) 


-(ш-шау" Б (ein — c; 3X. (Compare [22.].) 


The equation of a ray incident on this lens may be put under the approximate form 
Ti- = Qi- (Zi — Vi ui li iR; rigs Visa — Vi) — (ш — ш-1) Е; (она — сл); 
and the equation of the corresponding emergent ray is, in the same order of approximation, 
Lire = Qipi (Zi42 — Vina + MP 1ш Е; тона — vj) -(ш- pii) Ry 1(Oj41 — 01). 


Hence, if these two rays be parallel to each other, the 1st. cuts the axis of the lens in the 


focal centre 


Mi-17i+1 ; 
Ham - у (о — v); 


t 
and the 2nd. cuts the axis in the other focal centre 


+1" 
Zia = 01 — (%ы- vi). 
ш: B 


Also any incident ray has the same distance from the axis at the 136. focal centre, as the 
corresponding emergent ray at the 2nd. focal centre; namely at a distance 


= — (ui — pia) Ri! (оа — 64-1). 
Rays incident towards &с. See [22.], [23.]. 


[17.] (Feb. 16th.) Defining a’, у to be sine and cosine of inclination of incident ray to axis 
ofz; and а”, y” sine and cosine of inclination of refracted ray to same axis; v corresponding 
inclination of normal of refracting surface, at point of refraction; the sine of incidence will be, 
rigorously, 

€ COS v — у Sin v, 
and that of refraction will be 
а” cos v — y" sinv; 
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so that the fundamental law of refraction gives, rigorously, 
ш (a cos v — у sin v)= p” (a” cos v — y” sin v), 


м being the index of the 1st. medium, and м” that of the 2nd. If then we make 


res i , ж. , ”т" ” 2 M» ” 
кеме, троне, Py Sv, 
we have 
(o” — o") cos v = (v" — v') sn v, 


| Ao = Av tan v, | 


as an expression for the LAW OF REFRACTION. This gives 


or more concisely 


Ac 02 + АДибг = 0, 


2, 2 being coordinates of incidence. Also, by rectilinearity of ray between any two successive 
refractions, 
Az Az |, Ах Да 
гае “сабы 
and because 
р? = а? +1, О=оба + vOv, 
the LAW OF RECTILINEARITY is expressed by the equation 


| Ахбо + Агду = 0. | 


Hence, if we make 
T;= a, Ajo + zi Av, 

ж, 2; being coordinates of ith. point of incidence, or of refraction, and A; the characteristic of the 
change there produced, so that, more fully, | 

Ajo = Ао; 1=0;— 9:1, 
if с; be the value of с after the ith. refraction, we shall have, by the law of refraction, 

ôT; = v; A80 + «А; би; 
and therefore, by the law of rectilinearity, 


67; = 214189; + +1 bu; — ДА ба; 1 = 514 би;1 , 


2; 3, 2%-л being the coordinates of any point on the ith. incident ray, and z;,1, 24, being the 
coordinates of any point on the ith. refracted ray. If then we consider two successive refractions, 
we have (because 0 = Ағ;бо; + Аг;ди;) 


Ò (T; + Tiss) = vga Seiya + 2i428vi41 — 44-004-1- Zi 10v; 3, We. ; 


and making 7’=7,+ Ta +.. + T,, we have, for n successive refractions, the formula 


| ÒT = an4180n + 2n419Un — 49909 — 26%; | 
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in which, by definition, 
T = а (о — со) + а (тз — 01) +.. + Ln (Cn — 831) + 21 (Vy — vo) + 22 (va — vj) +.. + 2n (Un — vaa) ; 


it is therefore immediately given as an explicit homogeneous function of the 2nd. dimension, of 
the 2n coordinates of incidence, and the 2» + 2 quantities с, v; but the equations of the refracting 
curves give each г as a function of its own 2; and the equations of the form о? + v? = p?, give, for 
each medium, v as a function of c; thus 7 may be considered as a function of the n z'es, and the 
п+1 св; but by the law of refraction, 7 is бо be a maximum or minimum, or more generally to 
have a stationary value with respect to each of the z'es; and by the law of rectilinearity, it is to be 
stationary also with respect to oj, ..o,_1; eliminating therefore these auxiliary quantities, it 
will become a function of оо, б, and we shall have the two equations for initial and final rays: 


And the elimination of each x, separately, can be effected by means of the equation of the 
corresponding refracting curve. For that equation gives 

Ас * 

мг) ' 


2; + 2; tan и; = f; (tan и); Т-А. 


апа 


А; с 
T = Zoi. Aivf; (д) А 


rigorously. 
[18.] For a refracting circle, 
ш---т-іБіпр, z=c—rcosp, 
с being ordinate of centre, and r~ radius, positive when convex to incident light; therefore 


z+atanv=c—rsecp, 
and 


f (tan v) = c - r1 1 + (tan v). 


Hence, for ANY COMBINATION OF n REFRACTING CIRCLES, having their centres on one common 
axis, we have, rigorously, 


-— 
Т = Zi C; iv E Хе": Aju 


the radical being positive. Developing the radical as far as the 4th. power of Д;о, which we shall 
suppose to be small, and denoting the ordinate of the ith. vertex by 


—1 
%- ĉi— Tfi , 
we have, nearly, 


T= Zai 5 Aiv ж rn^ v Ac? +47; Aju Ajo}; 
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A;u-1, Aiv^, Д;о?, A;o4, denoting (Ау), (A;v) 3, (Д;с)?, (A;o)*. And because, in the same order 
of approximation, 
v=p—} pto? — huot, 


we have, still in the same order of approximation, 7 being = Ууу Т, 


T; = «Аш- 1vi Ai (=) — іо; A; (5, ут (Ain)! (Aic 


= dr Qs) * Gen? A (Z) rz! n) (ss 


the parentheses being employed to make the notation more unambiguous. (Compare [2.].) We 
may conveniently distinguish these 6 terms.of T; as follows: 


P ds TO i Т'® + T"'Q "à Т" 74 Tw fe T” W= TO $ т@ Ф Т! 
2 
TO-wAp; Т'®=—{ А; б ‚ 2") = рег (Ашу (Ao); 
4 2 
г” = — iviAi з $ T^) = — ir;! (Ашу? (А; с)? А; r М T9 = {тї (Ашу (А; е). 


Also the n — 1 intermediate o’s are to be eliminated by the n — 1 conditions of stationary value, 
which are of the form 

_ e(Tcr Toa), 

IT NU SUMUS P 


о 


0 


that is, sufficiently for the calculation of 7, to the accuracy of the 4th, dimension inclusive (by 
the properties of stationary values), 


ETD TO А ) 
OnE tu; лат"; TO= PH+ TPE; 
t t 


Т=Т® +Т®+Т®; Т9.-5,79; Т9-5,Т9; ТӘ -X,TO. 


Now, 
STD Visi ӨТ)  wiici 6 
3o; Tem ind em = hia бо; (TP + T'R) = up! (ин 7) в; 
% % 
5Т”Ф eT"? 
E Y (Aim) Aic ; t -ri(Auip)* Aio; 
t 


therefore the equation connecting c; with c; , and е; is the following;* 


0 = м; 1 (0:41 = Vi) = 5 (Ашу — ға (Аад) 1| Ci + M (А; ш)? git егі (Ағаш)! 0141. 


` This equation in differences is of the form 
0 = Aisit Cio; + Acacia 


* [See also beginning of [16.].] 


HMP 53 
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and we have n—1 such, namely those corresponding to i= 1, 2, .. n — 1. When the surfaces are 


all close together, then 
i=— Ái — Aa; 


and the equation in differences becomes 
Aili — Tia) = Аа (са oi) = С; 


-1 =] xt 
0,— 09 = СА; э сз — с = СА; > с: On — On-1 = CA, 3 


On — Со = Cri Ар), 
and finally 
| әітАш 
о = со t (95 с. ; 
ү (17444 
that is, 


с: 91 Д = 6928 үт Дер + Tn №) іт Ap. 


[19.] [When the vertices of the refracting circles are distinct, we have] 
А (А;А;с) = – pj lo Au=Ai; (Адө-а;-ө;1; Аф-ефа-Фф) АЖ-т (Ашу; 
Ap Ago — АуАуо = А! А:Азс — Ay Ayo = Ay’ + Ау, 
АҙАҙс- А» Aoc = A,’ қ A,Ago — A, Ayo = Ay’ + A,’ TAS, 
бс. &с. 
If then we make Aj’ = Z1 A/, we have n — 1 equations of the form 


ААА = АуАус + Aj’, 
or of the form 
А їс = a (АД: Дс + А, 
i being successively = 1, 2, .. n — 1; we may also include with these the case i= 0, by treating 
Ао as=0. Hence, by addition, 


On— 09 = >,” 


(21° A; 1(4; Аус + Aj’ ДР 


та— 09 — У, 1. Ас а 
Xon Аг! 


{ (с; px со) ef А; ш өз (on — со) Zotri 1 
= XotriMp. Xo irn, , MA i. TEW, Ap AT. я 


and 


in which 
Аг =- Сын о (а-а); Ag =0; Lys (Фо) АХ. (бс) A7 ,. 


Thus, retaining the abridgments 4;, Ах, as defined above, and not neglecting any powers of 
the quantities 4/, we have 


о: Ar = соЎ Аг + on А г 
T£X914;!.X91.A "X УА! Xo ATE 


or 4 — Zoi || 46 
or, making for abridgment 


(91 


мАг 1X4 x. 
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so that Ло = 0, A» = 1, we have 


For example, 
017 09+ № (On — со — Хо . Ai! тА) , 


and accordingly this agrees with 414,6, above. Make for abridgment 


А № єй. "Ж 


so that ' 
Bo T 0, В, cars 0, В, = АСТАУ, В; - В; е д (А, + А), 
В, – В = АА + As! + As’), ёо, 
В, = Ay (А+ А;1+..+ Az!) + А» (А+... + Az) +. + AL Ар; 
then 


| бұт со + № (On — To ») + В+. | 


415 


To verify that this expression does in fact satisfy the equation in differences relative to о, 


we may observe that it gives 
Ayo = д; — Ci = (М — №1) (On — 00 — Bn) + Bi — Bia; 
in which 
MoM = А; (Xg1Aj)3; В-Ва-А оГ Ау; 


7446 = (съ — 09 — Bn) (Хал АРУ Swi Ay, 


“| А.А; А; с = Ар, | as above. 


And if, in Аг, we substitute for о; its first approximate value, namely e + № (on — со), we shall 
obtain corresponding expressions for B;, Bn, which will give for о; а more correct value, indeed 
the one which we are to employ, if we neglect the squares and products of the intervals between 


the successive refracting surfaces. 
[20.] (Feb. 16, 1844.) If we make for abridgment 
Qi = Ti (pi — (а-а) b; = (Visa — vi) №; 10;, 


the linear equation between c; 1, оу, o;,1, assigned near the beginning of [16.],* becomes 


0 -агі (сал —о)— аг! (с; — 0:1) + bi. 
Thus, 
0 = az! (оз оц) - аг! (o1— то) + b, 
КИ a ate ais. &c. 
Hence 
0 = a5! (cs — оз) — a1 1 (a3 — су) + b1 + bs, &o. ; 


* [See also [18.].] 
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оч со = алаг! (e1 — со), 
Us. 7 9177 ваг! (e1 — со) — 426, 


Сз — во = аза 1 (сі -- со) — ag (б, + be), &c. 


03 — 09 = аг! (а + аз) (су — со) — a2b1, 
T3 — 097 аг! (ал + аз + аз) (су — со) — Aad — аз (b, + б»), &с. 


Hos ат! (dy + аз +.. + Gn) (c1 — со) 


— abı — аз (by + bg) — ..— An (by + bg +.. + 0-1); 
let 


ал + а +... + а; , 5 e 
m Шы A, 7 = аз (b, + 3) +.. + a; (0, +.. + b; 
СИ з) T Aj = аз + аз (b, + be) а; (b, 1); 


then 
о; — во = № (On — со + An) — №; X =0, №=1. 


This equation is a rigorous result of the equation in differences relative to с; but №, Ay’ 
involve the intermediate o’s, which are the quantities sought. (In [19.] B; was written for what 
is here — A.) However they involve them only as multiplied by the successive intervals 
between the vertices, or surfaces; if then we neglect the squares and products of these intervals, 
we shall have 

bi = (ина vi) иг {то + № (e — оо)), 


and thence may compute А, А», and ultimately с;. 


Make for abridgment 
(viy1 — vi) p; = di, 


(since we do not employ the differential d;) then 
bj = d;c; = а; {то + А; (on at со)) ; 


and the coefficient of d; іп о; is co +A (on — со) muiiiplied by the coefficient of b; in МА» А; 
which last coefficient is À 
Xi (аул Tac. Qn) - (аға а +... а). 


This coefficient vanishes, unless j < »; and its last part vanishes, unless j< i. When multiplied 
by a4 + .. + an, it becomes 
= (аа +.. + a) (i41 .. + an), 
175%; but 
= (d, +.. + Qi) (аца 9 .. + аһ), 
1732.1. (When у < i, we employ here the principle that 
(A+ B)(B+0)-(A+B+0)B=AC; 


A=M4+..+4;; В=а41+..+ di; C = Giza +. + аһ.) 
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(911 Since 79--Х7% is homogeneous of the second dimension, 
STO ero ӧтә STO 


(2) — gota йі Мін! 3% шығ. 2 

oT Со boi + On PAR Со 52 + on бо, , 
(о ere STA әтә ) 
ibs бең, T 003 diia И 
now * 
тр то + 7", T= TH+ TP; 
eT' o &Т'® 
Зо = 71160, is -= — Unf on; 
n 
ST” O ST” © 

1 n =- rz! (Anu)! Ano; 


-r (Ap) Aye; 


бсо 80,5 
Ayo —01—09— № (съ —09— Bn); Ano =on— On = (1 — An) (9n — 00) + Ana B, — Bra; 
A= Дар. (Хула Аа); 1А, 1 = т Даш. (Оо муы 
В, — Ви! = Та Ал. Xot Ағ; 
ле urn Съ — со — В, "T on — бо — В, X 5-147. 

(01 $, 


доо СолаАы” $e, X tricis 


- Cul » 
(on - со) (On — со ERN AN Д 


0 0 nAn n Xni А; и 


and this equation is rigorous, WHATEVER MAY BE THE NUMBER OF THE REFRACTING CURVES, AND 
THE MAGNITUDES OF THE INTERVALS BETWEEN THEM. But because 


Li 


Aj =- pj 104 А, В, = Zo . MAMI Ai 3 


the expression just given for 27'9 involves, explicitly, the n — 1 intermediate o’s, though only as 
multiplied by the n — 1 corresponding intervals Av;. If, however, we neglect these intervals, we 
find, for ANY COMBINATION OF REFRACTING SURFACES CLOSE TOGETHER, 


(e, — о), 


279 = v (uoto и, 10%) — 


so that the approximate equations of initial and final rays are respectively 


On — 60 
у = бо (Zo — Doe PETA Ут 
t 


2, = An (2.41 — V) — а 
JWA в ( n+l ) Xo т; А 


4 


If these two rays pass through the common vertex v, then с, = со; and in fact the law of ` 
refraction shows easily that in this case o = wa is not changed at all. This last result must hold 


* [See [18.].] 
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good, even when higher powers of the o’s are taken into account, provided that the intervals 
between the surfaces still vanish. 


For a COMBINATION OF TWO REFRACTING SURFACES, not necessarily close together, we have n = 2, 
YP Ad = Ау =- иг! оуАеу; Вь=т, Дэми. Ау (= В»); 
also 
71 Ay ш 


ту = то + № (сг — oo — В), MT np iuh 


{ry Душ + 72 Дор (1 — ш! Дт. тА; и)! Oy = 0371 Али + сот Аәш; 


that is, (compare [18.]), 
0 = (оо — су) (r2 Ази) — (01 — со) (т Ази) + иг! с Ао, ; 
which is in fact (since 0, 1, 2 may here be changed to i — 1, 7,7 + 1, the two surfaces being arbitrary) 
the old equation in differences between any three successive o’s, deduced as a particular case 
from its own general integral. And since 
T2 Âg H . (сз — со) сът Душ + сот Азш _ | езін те ық 
Tia po 72 Арш TyAi p + Ta Дш Ty Ai p + тә Дш " 


the additional term introduced into 27'9, by В, and Aj’, for a combination of two surfaces, is 


-1 At. ril. TA | 
-1 By 1.71441 253201 о. 
| Tg Ar. fı ra AMT NT. PA бі; 
that is, 
И" Ал. (сът А; ш 4 соз Аз ш)? 
(rip + тә Asm) {ту Ауд + т» Asp (1 — рг! Av,.71A11)} j 
But 


(P102 + рә со)? + рурә (сз — со)? = (р + рз) (P103 + p25); 


therefore, for any combination of two refracting surfaces, 


| 
| (va — со)? — py Ат. (0371 Ар + от» Дам). 
T1 Ay p+ 72 Ag py — иг Av LT Душ. 7 Дош 


27 = тц оў — vuz! оё — 


[22.] By foot of [15.], the form of T® is such that, for any combination of two successive refracting 
surfaces, (considered as Ist. and 2nd. in order,) 


—2T9 +010 — vuz 102=— (va— v) wrt o? + rp! (ш — po) (соо)? 
+75 (ua — ui) (а-а) 
= {(7 Аи) 1+ (7 Аи) * — py! Ary} o?—2 {on (т Ao) t+ oo(T1 Али) сі 
+ с (71 Arp) + 05 (72 Дар)"; 
therefore, eliminating с by the condition of stationary value, we find 
{— 279 + vius! 02 — vang o3] (т Ди) 1 + (тә Aa) иг Ary} 
= f(r; Ay) + (rg Agu) — uy! Any} (ry Arp) 102 + (r2 Agu) о) — {(7 Ar)? со + (r2 Agu) сз)? 
= (71 Дуи) (r2 Аза) (оз — со)? — иг Ary (т^ Дуи) 0$ + (r2 Ag)? оў}; 
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a result which entirely agrees with that obtained at the foot of the preceding section, by a more 
complicated but more general process, of which the one in the present section may serve as a 
verification. 


Particularising farther, let Azu = — Дуи, and therefore ро = ро; we get the case of a single 
lens in any medium, and have, for it, after multiplying both sides by 717 Дуи, the equation 


{ry == Ta + игі (ui — ро) т” (05 e v1)] (279 mt po! ^о? + py! v2 03} 


= — (ш — uo) (02 — со? + wy! (va — vi) (7103 — 700); 


agreeing with [16.]. If, in this equation, we change Ho, M1, со, бә, Va — V, to 1, р, Qo, 0%, Ё, we 
arrive at the same result as if, in the expression at the foot of [4.], we make В, = 0, В, = 0. 


Resuming the general COMBINATION OF ANY TWO REFRACTING SURFACES, and making, for 
abridgment, as in [19.], 
А! = (т. А: р) №, А, = (5 4и), 
and 
t= thickness = Av; = v2 — 14, 
we have the expression * 


A; А, (cs — со) — wrt t(A10 + A203). 
2(41-4:-ш1%) " 


TO = {ду од – {зи | 03 


which gives, for the initial and final rays, ће approximate equations: 


К Hop  CÀ, ү ы ыты 
А: + Аз- рг! А: + Аз — игі’ | 


Mapa Аз ls A, А» (0з — су) 
Ait Aa- ptt Ait А – рг! 


z= (а 


m= (ani 


Hence if we make for abridgment (compare [6.], [8.]) 


ао OS БОЗО at Ma 
‚ А+ A,—py't’ 


the points P", F”, on the axis, may be called the two focal centres of the combination; in this 
sense, among others, that if the final direction be the same as would have been produced by a plate, 
then this incident ray crosses the axis in Ё', and the final in F".t 


* [No additional difficulty is involved in calculating 79 in a form suitable for the discussion of exdiametral . 
rays; this form is given by changing е? to о? + т?, о? to 02+ 2, and (тз— vo)? to (a, —0)?+(r2—70)*. The expression 
at the end of [4.] is a particular case of the expression obtained as above. ] 

t [For refraction through a plate, whose faces are perpendicular to the z-axis, we have o9=01=0%, ro— 71-73, 
since at each refraction Ac = Ат--0, The focal centres are the principal points; see Appendix, Note 25, р. 508.] 
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[23.] If we also make, for abridgment, 
HE 44 Aa 
~ A, + Ag—pz}t’ 
then parallel initial rays have for their final focus 
аз = Foo, Z5 = F” + uaF; 
and parallel final rays have for their initial focus 
æ= — Foz, z= F" — mF. (Compare [24.].) 


Suppose then that an instrument is formed by enclosing the three successive media, on the one 
hand within a (sufficiently large) cylinder coaxal with the two refracting surfaces of revolution ; 
and on the other hand within two planes, sufficiently distant from those surfaces, and perpendicular 
to the common axis: and let this instrument be exposed, in vacuo, directly to a planet, so as to 
form in each of its two reverse positions an image within the third medium, reckoning from the 
planet. These two images will have equal dimensions ; for co in the first position will be equal to 
the angular semi-diameter of the planet, and so will сз in the second position (neglecting signs); 
the images will also be both inverted, if F be positive, or both erect, if Ё' be negative; and we may 
call F the focal length of the instrument, and therefore, in a certain sense, the focal length of the 
combination also, formed by the three media and the two curved refracting surfaces. Or we may 
state the theorem thus: an instrument of revolution, in vacuo, bounded by plane surfaces 
externally, and containing within itself any three successive media, separated from each other 
by any two curved surfaces, coaxal with the instrument itself, will have its focal length = F, in 
each of its two opposite positions; (because a plane refracting surface does not alter the magnitude 
of an image parallel to itself;) in such a manner that in each position it will form an image of 
the planet with a radius = Их angular semi-diameter of planet ; and this image will be inverted 
or erect, according as F is > or < 0. 


[24.] This expression * is of the form 


(Combination of any two 


279 = p'y-1g2 — P'',-1g2— F (0z — >); Е 
ыйа}, ЖҮК aca b e coaxal refracting surfaces.) 


and the equations of the initial and final rays are, approximately, 


£o = Qo (zo — F”) — Р (оз — со), 


дз = 03 (23 — Е”) — Р (сз p: со). 


These two equations will give only опе relation between the initial and final directions, if 20, 23 
are connected by the equation 


(2 — F' + pol) (23—F" — pa P) + pop P? =0; 


and then they give 


* [This refers to the expression obtained in [22.].] 
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Under the conditions expressed upon this last line, the point 2з, 2з is the image of the point 2%, 2 ; 
that is, rays having the latter for their initial, have the former for their final focus. When the 
initial focus is an infinitely distant point, then 


и 
20 — + р 9” 

and the image is 
2; = Foo, 23= Е" + pol. 


In like manner, when the final focus is infinitely distant, 


PEN. гора 
F” + Р 25 T2, 
and the initial focus is j 
%-- Роз, %= Е' — wf. (Compare [23.].) 


The image of a, F” is a, F” ; hence, or more simply from the equations of the rays, the ordinate 
(perpendicular to the axis) of the initial ray at the first focal centre Е’, is the same as the 
corresponding ordinate of the final ray at the second focal centre F” ;* this common ordinate 
being equal to — Ғ(оҙ- со). It vanishes when с = со, that is, when the final direction is the 
same as it would have been, if the ray with the given initial direction had passed through the 
same media, but through a plate perpendicular to the axis, (Compare foot of [22.].) This plate 
must in general be thus perpendicular; because, by [17.] the condition A,o + Дус = 0, gives, 
(to the accuracy of the first dimension,) + 


Аи + Ap — 0; 
therefore unless 


Аз” + Душ = p — po = 0, 


that is, unless the Ist. and 3rd. media have the same index, we cannot have va = 14, except when 
each — 0. On the contrary, | 

Va ра Ho, 

а pi — из’ 


an equation which determines a certain set of prisms, such that if any one of them enclosed the 
second medium, we should have оз = со. Reciprocally, if the initial ray be directed to the first 
focal centre, съ = со, and the recent ratio between vg and v, must held good. As a verification, 
since (by beginning of [18.]) 

1 


m=- rtn, 437 — T, Va; 


we ought, by the present section, to find (when с» = со), 


(-) falta (даве е. 
Ta (мл — Ha) "Ay Л’ nE’ 


c 


* [See Appendix, Note 25, p. 508.] 
+ [> denotes generally the angle between the normal to the refracting surface and the axis of the instrument ; 


it is positive or negative according as the projection of the normal (in the sense of 2 increasing) on the z-axis is 
positive or negative.] 
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which accordingly is true (compare foot of [22.]); for by foot of [21.], and top of present section, 


Ft TIS 
Bol (v, — №" =T ra (m м); Ag (v — F ИТТ 


і 
F~ = т Дур + т Аш — ОТР: Tae 


When initial гау passes through first focal centre (and consequently final ray through second), 


we have 
аә EM. + 1 А, 1504, 


— 21 T reap! 


therefore the ordinate of intersection of intermediate ray with axis, is 


1 Ті Аш .(- т) Pa т Дур + Ф7ә Аз и 
Ti Азы + T2 Agu ry Ap + T2 Дәм 


Hence, when c= со, we must have 
іш 10171 Али 


В И A _ р" 
rip Даро АА (va › 


therefore 
01 
бә 


ша = Е (71 Душ + т Аџи); 
90 


which accordingly agrees with the general linear relation, in [21.], between o», с, оз, since that 


relation may be thus written: 
| 01 = F (сэт, Ду ш + со” Ази). | 


And this last may be considered as a form for the general equation in differences, or linear 
equation, between any three successive с 8, 


[25.] In general, by [21.], if we suppose all the intervals Av; to vanish except one, namely 
Av;, we shall have А; = 0, unless i=); therefore 


Zo Ai = Аў = — pz" oA; 
By = Aj Lay teal Aip= Aj (1— N) Eli Ми; 

therefore the part introduced by Av;, in 2Т®, is rigorously 

= u7 oj Ду {on — (1 — rj) (on — со)! 

= uj "aj Av; (то + (съ 00)}; 
if, then, we neglect the square of А), this part becomes * 

Mz a3 Avy = wz) oF (0 — vj). 
Adding the n — 1 such terms (for j = 1, 2, .. n—1) to м 1001 — ж 102 v,, we get 
vı (Moo — шіс) t va (up 1 0] — My ез) + .. + (Me on — 193), 


ж [Since, by [19.] or [20.], А, (с, — со) is approximately equal to øj- 0%.) 
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that is, 
оз 
2 TY (©) 1 


neglecting therefore only the squares and products of the intervals between the surfaces, we have, 
generally, 


2 PEN 
TU us ue $2 7% Ai LENT. (See next section.) 


in which we are to make, for the present order of approximation, 


оңу Аш = то ү Аеш + с) Хіт Ди. | (See foot of [18.].) 


Hence parallel direct incident rays are brought to a final focus 2,1, such that (in the present 
order of approximation) (last medium being a vacuum) 


(2, „> 9s) * = Zorri Аа +7 (4) сой a Av; (X iri Aip’. 


For example, if there be two infinitely thin lenses, near each other, in vacuo; then 
(25 — v4) ! = pı + pa + рї Аф, 
Ат being the interval between the two lenses, and рі, pa their powers; 
pi — (pa — l)(ri—Ta)  pa-(us—1l)(rs— та). 
In fact, here, the convergence after emerging from the first lens is p,; therefore immediately 
before entering the second lens, it is (pj! — 2%)! = pı + pł Ava; to which the second lens adds 
the convergence ps. In like manner, if there be / lenses, and an interval — X after the kth; this 
interval adds X (pi + .. + py)? to the final convergence by my formula, because 
Zor “Ми = pi +.. + Pr; 
and FEE MAI the interval X adds X (pi +.. + рь)? after emerging from the kth lens, If we call 
У оі": ен the power of the system of the t first refractors, and denote it by #7", then 


(£n431— Un) = Fn + Zor In; 1E; Aw; 


a formula which increases the propriety of regarding Р; as the focal length of the system of 
i surfaces. (See [23.].) 


[26.] (Feb. 17th, 1844.) The method, in the preceding section, of deducing the expression 


2 
ТӘ = – шш м” — $ (Zoir шу (ea — оу, 


in which only the squares and products of the. intervals Av; are neglected, from that given 
in [21.], namely 


er POR ETE Dd empto et mmm 
Т® = iu Ps = iv, ‚> d i (алыу (a — то) (On — со — В,) е bone А/ ; | 


54-2 
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which latter holds good, whatever may be the magnitudes of those intervals between the successive 
surfaces, and in which we had put for abridgment 


А/--шіоА%, В-51.қАи20414/, 
while 
в; = во + В; + № (on — со — Bn), 


№ = (54 (шу тр; 
is perhaps not inelegant in itself, and satisfactory as а rather simple result of a long and some- 


what subtle analysis. But, having thus found the expression at the top of the present section, 
I now see that it might have been obtained in a more elementary way, as follows. By [18.], 


ТӘ = 70; TO=TO4 TO; T'O-—3wA т; T" = — 3 (riu)? (Aio; 


and в1,..б,-л аге to be eliminated by the n—1 conditions of stationary value, which are of 
the forms 
6 D 
07 зр, Por (TP T"). 
But, because 


{orl P= - dv, 2 20. 40, та фз дь, 
therefore 
ci 
s. Zot?’ 9 = P^ Avi, 
while 


8 А 
85; Pt T" = А. (ridin) ^ Aie; 


and thus arose the equation in differences relative to с, already employed, in [19.], &c., namely 


O=A (ri ip) А; с + ріс; Ag; ; 


all, so far, being rigorous, that is, such that no powers of the intervals are neglected. If, however, 
we now neglect the squares and products of those intervals, it is evident that, in calculating 
> Т' @, we may employ, for c1, .. c; 4, the approximate values furnished by altogether neglecting 
those intervals ; because each of these intermediate o’s enters only as multiplied by one or other 
of these intervals. And although the intervals Av; do not enter explicitly into 7"' (9, yet, because 
the first approximate values of the intermediate o’s are precisely those which render this sum 
a stationary value, it follows that the employment of more correct expressions for the o’s would 
only add terms involving the squares and products of the Av's We may, therefore, not only 


make 
Te = T'A + т"@.; TA = Sot Т”; T'A = Lot T"; | 


but may calculate each of these two latter sums, in the present order of approximation, by 
employing for the intermediate o’s the values furnished by the equation 


| 0zA.(riAip) Д; о, | 
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which gives 
| gi — со = № (On — со); | 
therefore 
"Аш. (Ta — оо) T'^Q Ж 
mo ааа: слы лай. MESE LA -ң-ізАш.(507 Ашу (on— co) ; 
ae АНА 22-2.” Beebe атадан) * (os д) 
therefore 


TUM = Xo TP "WAR Ст "i Ain) (vs — со)? ; 
and therefore, finally, 79 has the form quoted at the top of the present section. 
[27.] (Feb. 17, 1844.) By [18.], 


Т® = T" 4 T" + T0; 


T'a те Xt T' (9; T''4) ыа Aot T: Т” (4) — Eo Т”%; 
1 (А; c) . 
(Агиш)? 
this last equation being relative to spheric surfaces. If the refracting surfaces be of revolution 
(round the axis of z), but not necessarily spheric, then we may write, (see end of [17.],) 


in which 


Ad Ls 
ap] np i me ger 


, g^ " А 
BP = фад р: г юе 


=U + dria + 45:04, neglecting 26; 


а 
бап жш. кш — riv; — 842, Zi + 2; tan v; — v; — {таў — 15/21 = f; (tan vi), 


dæi 
фт; tan? = фта t ж, fi-vi— drj! tan n? + {т ап vj, 


Т; = Аф. (ж 


x) = Ai — dr; (Av)? (Aio) + {вт * (cv)? (Aio; 


and finally, by the same kind of analysis as that in [18.], 


T" n. siryt (Aip)? (Aic f. For a sphere, 8; = $13. 


The expression for 7"(? gives 


Т'® = fuu o- р, 30% + 120427! u;?02 Avi 


if then we neglect the squares and products of the intervals Av;, we may calculate 7" by 
employing for сі, .. т„—_ the approximate expression 


ci = со + № (сд — со). 


Aie =r Aip.(2@iri Aim) (съ со); 


This expression gives 


therefore, if we neglect Av;, 
Т!" ® = 1s; Ai p. (EAr Аи) * (on — со“; 
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and, denoting by F or Р, the focal length of the combination, (see foot of [25.],) so that 


| F= Р, = (Zorri иу, | 
| pee) = ЕК“ (04; Аш) (с, fin со)“. | 


Supposing still the intervals to vanish, we have in like manner, 


we find 


1" = Ann c e PAS; 


2 2 2 
ТР (c - o? {Biot А D — Thr. 
Pi Ho “п 


Also, о; = со+ РР (сп — со); for №; = РРг1, if we write Е, = (5 үт Ашу according to the 
notation proposed at the foot of [25.]. Finally, if we still neglect the intervals between the 
surfaces, we have 


and therefore 


ot gi 
gi на 04 
and thus we have all the elements for calculating the aberrations of the instrument, so far as they 
depend оп 7%, (in the diametral plane of 22,) by means of the following equations of the initial 


and final rays : 


по (1+ %) о) — go (T9 + T6 т), 
2 бсо 


2 
қаса (1+) асады (OHO 4 BH gr; 
2 бо, 


in which (to recapitulate here all that is necessary for the present purpose), FOR ANY COMBINATION 
OF REFRACTING SURFACES PLACED CLOSE TOGETHER, 


2 


c;— 00+ В» Ру (в, — со); F7'= È та; and for spheres, 5; = $73. 


[28.] As one of the most important applications of the formule at the foot of the preceding 
section, let us consider the case of direct parallel incident rays, and determine the longitudinal 
aberrations of the final rays corresponding. In this case, 


со=0; e;—-F,F;!c,; Т”Фа-4Е,03; 


М б | 
pm T 2) = — Bion = — pn Ln Qn; bus Fut = ius Puan = go bha Бо; 


On 
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and the equation of the final ray may be put under the form 
V, 41 — An (1 $07) (2141 — Vn — un Fn) = Be. (buz? Food + T + T4); 


in which, 


T" =—$ Р? о оз олт: gr <= i Phot (3, (91 a py FS Ат; — uz! Р.т); 


те” = lr: c EORR T ' s; TT 
also 


= сі = = uo 
the equation of the final ray will therefore be 


| Фа = On Vn (21-41 — Un — bn Ё„— L,02), 


if we make for abridgment 


Ly =— ph Fe F*-utE “а Dwi u; Fy Дт + 518: Ain}; 


this last is therefore a general expression for the COEFFICIENT OF LONGITUDINAL ABERRATION 
for ANY COMBINATION OF REFRACTING SURFACES OF REVOLUTION CLOSE TOGETHER (but not 
necessarily in vacuo), and for direct parallel incident rays. 


Thus, for two surfaces, close together, 
Із-- AF Фи. * (71414 + т Аз р) — My "re (ry Дур + T2424)? 
+ prt (т Аш)? (ra — r1) +81 Душ + 8; А» д); 
in which 
Дур = pa — po, Ази = ра — ш, ЕР; 1 = т Дур + т»Аән. 


For а single infinitely thin lens, in any medium, us = po, Agu =— Дуи, 


Dg = — ua — Bo)? (т — 72)? fius? (Ha — Mo)” (r1 — r2 — ug! (ил — ро) Ta (ra — r2) 


ETE Ww. 9 , 91 — 82 
ш n m) enm. 


If the lens be spheric, and if we make p = ш! u = relative index of lens, then [putting ш = 1,] 
І = – } F} 10и – 1} (ту — ra} — 2 (и — 1)т» (rı — 72) — 2 (1 —u) ri rb nra r$). 
If the power be given, and the aberration a minimum, then dL; = 0, dr, = dra, therefore 


02—-2(u—1)(1—72) - 4 (1 — ew) т +3 (ту +r) = (2и + 1) ra (1 — 2ш + 4&3) mi; 
therefore 
Ты 221651 
т 2u—1l—4u 
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If , —$, then 2u+1=4, 2u,—1— 4u74=2-—§=— $, [== |; thus for а glass lens оў best 


form (index 3), both surfaces must be convex or both concave, outwards; and the second radius 
= 6 times the first. The best form would be convexoplane, or concavoplane, that is, ra= 0, if 


ный, pe LENIE pagg. 


All these results respecting a single lens are well known, and have often been otherwise deduced. 
For a combination of two thin lenses close together in vacuo, 
Рут —(ui— 1) (тз — ra) + (us — 1) (rs — r4); 
-FOL-bES-F n Fus! (та — ra) + Fy? (rs — ra) + Fr? wy? (y — т) 
+ (ua — 1) (8 — 82) + (из — 1) (83 — 8); 
Ег = (41-1) т; Fy* = (ш 1) (11-12) 5 F5! = (ш 1) (т) + (иа — 1) rs. 
Accordingly, if, in the expression near foot of [12.] for the coefficient of е” in 
4F-* T0 


we change д» to из, and then add 5 F7? (= à F-3)) we get the expression just now given, for 


| — F L, = F-*(AQ + 4 F). | 


We may therefore proceed to transform — 4—4 L}, as is done in equation (A), іп [13.]. 


[29.] For any combination of refracting surfaces of revolution, round the common aais (of 2), 
and close together, we have, by [27.], 


AFA (oy — ут 4 Fh, By} = Xt rH Un о + Fr! (os — сиу А 
= (on — со)? X1 3 Ег? Ат + 200 (0% — со) F1 ot ai Рг Art op Р 5 урт. р Ari; 
(if then we denote this expression by 467, + 2Всос, + Oa); we have 
A+B=F 42X47) p; Е Ат) 
and if we neglect o2, we shall have 
4F-4 Т'® = – F p17, (0% — 203 со) + A (с — 403 су) +2(A + В) оз оо 
= (27! n; F;? Ari— p, Fra) (0% — 403 00) + 23 (X97 ur! F7! Ari— uz! Fry) о3 су. 


Therefore, making for simplicity v,=0, or placing the origin at the common vertex, we have 
T’® =0; also | 
арғат”Фф- (o5, x» 4o, со) Хал 8; Аш; 


T"9 = —}Ё(о» — 20,00); p. T -- F (on — со) = — us Fa, + Foo; 


фа un Р= ъи? F= Ur ыр о); 0, = (e, — 407,00) + 40% со) 
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therefore the approximate equation for the final ray may be thus written: 
£y41— F09 — 0,9; (Zn41— иь F) 2 1F* 2 (M (o1 — 403 су) + 2F- No? со) 
n 


= F4{M (oj — 305 со) + $F No? со); 
in which 


Меф F+ Egt u Fr’ Ат — u Frat Et р; 


М=р F+ Ror sb Fr Ат р Ет. 


If оо = 0, then 2.1 = 0 when Zp41= pn F— u$, F* Мо? ; so that un 18 the ordinate of the final 
focus, corresponding to parallel central direct incident rays, and Zna? is the aberration for 
marginal rays, if Г, = — p3 РАМ; a result which agrees with the expression in last section, for 
the coefficient of longitudinal aberration. It is essential to the goodness of an object glass, that 
this coefficient L, and therefore that М should (at least nearly) vanish; but even after making 
М — 0, if the coefficient № do not also vanish, and if the parallel incident rays be oblique, we 
shall have, neglecting the square of that obliquity, the following equation for a final ray: 
Enyi — Foo — Gy, (2141 — Mn F) = $F* No? со; 
and consequently, when 2,44 = и» Р, we shall have 


| 254,17 Foo + $ РЗМо со. | 


To make the aberrations vanish, for parallel oblique incident rays (in diametral plane), we 
are therefore to combine the two conditions: 


| u=0; N=0; | 


M and N having the values assigned above. The first condition has been deduced by other writers; 
the second has been added by myself, as that required for OBLIQUE APLANATICITY.* 


[30.] For a combination of two infinitely thin lenses, close together, in vacuo, by preceding 
section, 


N= PF + pr Fl Ar, + Е Ат, + иі Fs Ar,- Fr, 
= {(и1— 1) (71-72) + (Hs 1) (rs — та) + (1 — up!) ry (ra — 73) + (ua — 1) (г, — 72) (rg — т») 
"Fus! ((ш- 1) (r4 — ra) + (us — 1) ra] (ra — ra) — (а — 1) (r1 — т») + (us — 1) (rg — ra)} ra; 
and if we equate this to 0, we obtain the same condition as if, near the foot of [12.], we change 
ра to из: and, therefore are conducted to the equation (B) of [13.]. 
n 
3 
lenses close together in vacuo, we shall have po = pg = ра = &c. = 1; ра, ps, .. will be the indices 
of the successive lenses, which we shall suppose to be given; and if the powers of those lenses be 
also given, or the differences Ату, Ars, .. on which those powers depend, we shall know F}, F4, .. Р; | 


In general if n be an even number, and if we consider a combination of 5 infinitely thin 


* [These аге L. Seidel’s first two conditions (Astr. Nach. 43 (1856), 317) for the case of a thin system, but 
otherwise more general, since Hamilton's surfaces are not necessarily spheres. Hamilton's *condition for oblique 
aplanaticity” is the same as what Seidel called “Fraunhofer’s condition,” on account of its satisfaction by 
Fraunhofer’s heliometer objective at Kónigsberg.] 
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therefore each of the terms of the form u;!P;?Ar;,in М, is either a known linear function of 
two successive curvatures, a posterior and an anterior, namely when $ is even, or else а known 
quadratic function of an anterior curvature, namely when $ is odd: Fj? being = (F;-1 + r;A;p)*. 
Also, if the surfaces be spheric, each successive pair of terms of the form 8; А;ш gives a sum, 


such as * 
(ил — 1) (ry — т») (тї ma 5-7), (ug — 1) (ra — та) (73 + aa + 72), &o., 


which is a known quadratic function of two successive curvatures, anterior and posterior, of 
a single lens; therefore on the whole, for any combination of thin spheric lenses close together in 
vacuo, with given indices and powers, M (in preceding section) is a known quadratic function of 


the curvatures of all the surfaces, or simply of the ” anterior curvatures, ті, rs, &c.; or (if we 
ply 5 


prefer to put it so) of the 5 sums of curvatures, anterior and posterior, for each lens separately, 


namely 71-57, 7з + 74, &c.: while N (in the same section) is a known linear function of the 
n 
2 
DOUBLE ACHROMATIC OBJECT GLASS; I determine the two sought sums ту + 7 and 73+ 74, by the 
two equations, quadratic and linear, М = 0, N =0. For a thin triple object glass, we should have 
one quadratic and one linear equation between three such disposable sums, and might in general 
introduce some other condition. (But see next section, for the dependence of the third coefficient 
О, on the indices and powers of the lenses.) 


same 5 sought quantities. This is the principle of my calculation, referred to in [13.], for a THIN 


[31.] With the recent meanings of М, М, we have, for any combination of refracting surfaces 
of revolution close together at the origin,+ 


аР (on — со) ? TO = F (роту — шівіт, + 092051! yz Ari) 
+ (М Зи. F4 pz Pry) (on — oo --2F3(N— p FP? Eu! Ет) со (on — со) 
1 
= (M- 4p FA) (on 0} BF AN = pz? FA) 09 (rs в) -Fogir A:T; 


because 
(on — со? + 209 (on — со) — т? = — ай, 
and 
1 
Also 


a $(on— то)? — 20% (Gn — 59) = — $02 — тот» + $057 — $ (on + oo)? + 20% ; 


therefore if we make 
i 1 
О = 27°F – X otril ru | 
we shall have 


| 4Р (on — 09) ? Т® = М (on — o9) + 2F 1 Nog (on — со) + F?002— $3, ? FF (on + >); 


* [Omitting a numerical factor, 3.] 
+ [See top of [29.].] 


| 
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and therefore * 


T9 + Т® 2 —LF(c,— со) + 1 F*M (on — o9) +4 F° Nog (on — со? + 1 Р?00 (on — о) 


- du F (02 - 03) 


The equations of the initial and final rays may be put under the forms: 


(TA 74 М M (TA +74 
IT жы - Th (eg e es =e 


бо, " 


009 


and consequently the equation of the final ray is, without neglecting any power of оо, 


241 = Foo (1 — $ F00?) + Т (i1 — Hn + и Род + $us Ё?Ос\) 
+ РАМ (es — со)? + 3 F° Nos (on — оо); 


so that, in the present order of approximation, oblique parallel indiametral incident rays are all 
refracted to one common focus, namely 


Х,а = Fes (1 8008), Zi is P0 — 4F002) (1 — $ изо), 
when the two conditions M = 0, NV = 0, are satisfied. t 
We may also remark that if the final medium be the same as the initial, so that n= uo, then 
Hn (1 — $0, * 0$) = vo, 


and 
5 nti = 2 n+1 = fn F (1 — 1 F00?) = distance of focus from origin; 
0 
the direction of this distance being the same as that of the incident rays. In fact, the ray 
incident on the first vertex, that is, at the origin, emerges without any change, if un = uo; but 
it undergoes a change of direction if 14, be different from мо, because then the equation c; = со 
gives &, = u;!cs. In this last, which is the more general case, we have «, = ш! мо; 


| 2 Х adi -> Zn41= Hn F (1 — 4 F00?) = distance of focus from centre of lens ; | 


1 
ЪРОг = ju; ЁОа = а (1 — Роль). 


also 


* [To obtain 7, we put v;=0 in the expression at the beginning of [26.].] 

t [Except, of course, powers higher than the fourth in 7.) 

t [This point is the primary focus. It is seen from the identical relations of p. 456 that it is impossible to 
correct a thin system simultaneously for spherical aberration, coma and astigmatism. Thus Hamilton's system 
is astigmatic, and the condition for flatness in the locus of the primary focus, namely, | 

Е0= – р-?, or Зу As (871) 3p? F-1, 
differs from Petzval’s condition, 5()17;4;(ш71)--0, which is only applicable to a system corrected for astigmatism. 
Petzval’s condition was published, without proof, in 1843 (cf. J. P. C. Southall, Geometrical Optics (1913), p. 439).] 
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For a thin double lens in vacuo, 
1 
о=(#+-_) а-о) +(2 +2) а) ът); 


therefore the curvature of locus of focus is 


F240- (83 =) (= I) (y=) +(3 + =) += 1) (rs— 4); 
and the concavity of this locus is turned towards the object glass. If т be dispersion ratio, so that 


| (us — 1) (rs — та) = — € (ua — 1) (ra = ту), 
then, focal length multiplied by curvature of locus of focus 


"i £FO- (0 - 2) 8 ui! - Gap) 3+5, 

i 
PEZ 
бы ЖААЖ А 


that is, if 


p= prt LT i ag 


Thus radius of curvature of locus of focus, for indiametral rays, originally parallel, is focal length 
ту -- 
+8+ д + 7a (er т 1). 


[32.] Herschel’s second condition of aplanaticity. 


(Feb. 21st. 1844). By the preceding section, for any combination of coaxal refracting surfaces 
of revolution placed close together at the origin, the equations of the initial and final rays may be 
thus written : 


c с? STA 
n=” (1% E -Р(һ-е)-%-; 
v оз eT 
разы ga) na Pleno) Re 
and therefore the abscissa (4, = 25 = .. = £n) of incidence is nearly 
æ = — F (Sn — со). 


Adopting as an abridgment this last expression, and supposing that a ray from 0, 2 is refracted 
to 0, Zn+1, we have 


po. 60 (1+3 705) у а in. 
wis gr = сыг! —iu?oQ«-—2a7 a9 5а? 
PS БУл 
ду: ғай ARRAY nity Wing шым, = 
о git 1 ah 
"n 
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also i 
eT eT 
м АС al ИР d TW s o ot -1-. p. 
\ O5 бс, + со бо 4T , (с, 09) € F , 
therefore 
3 КЕЗДЕ” 
afa a 90 E Lom та) 
2F (o, — oj) + &F-7? (o, — 09)? Т“. 
Also 


a? — (ung? 0$ — (03 — 03) (on + со) = — 000% + obon + (1 — иё цу?) со; 


2 2 
if then we neglect (2) ‚ ог (==) ‚ we have 
on 20 


Hn Ho 1 ay 
Т қол” idoga) Носа – tHE reus 


т 
independent of о», when we neglect o4 and о? z>?, are 


| M20, N-jyu;?F3; 


these therefore must agree with those which Herschel has proposed, for the construction of an 
aplanatic object glass, applicable to terrestrial objects. Accordingly they agree with those which 
I deduced from Herschel's formule, in my calculation of Jan. 2nd, 1844. 


. . 2 ... $ . 
іп which we may make o = on “0 m ;* thus the conditions requisite in order that 2,,1 may be 
Pn 50 


A somewhat easier though less elegant analysis would be the following. Our object is to 
eliminate оо between the equations of the initial and final rays, after making in those equations, 
that is, in the two first of the present section, ло =0, 2„+1 = 0, and neglecting 2-2. We may 
therefore substitute for бо, in the second equation, its value derived from the first, namely 


oT 
МА 24 21%” 
Со шоЁ' г, on + Ho, 8с, , 
со being treated as = 0 in the last term, or 7 confined to the part proportional to sog. In this 


manner we find, by the second equation, 
eT , or 


Is nga = F (1 — po F251) (1 —4,*02) – лл? ым 
. ; (4) 
со being treated as = wy) F'z>1o, in M Make then for abridgment, (see [10.],) 


| ТӨ = 005 + 0,03 0o + (Q' + Q,) 02.02 + 0, т„оў + 9" сд, | 


and we shall have, in the present order of approximation, 


2&4 = bn (1 — po P 253) ~ pn (40 + hug? F) о — pn (40, — БиР) po P25 10%. 


* [This is given by the equations of the rays to the first approximation; we have corrected an obvious error 
in the formula, which (іп the MS.) lacks the factor o,, and has a minus sign.] 
_ t [In the last term we have inserted ep, which is lacking in the MS.] 
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To destroy the aberration for direct parallel incident rays, we are to make 4Q+4y7°F=0, 
(compare [12.],) that is, by preceding section, M=0; and to destroy also the aberration for rays 
proceeding from a distant point on the axis, we are to employ the condition 4Q, —}u7?F=0, 
that is, N —1,4,?F-?, as above. Herschel's second condition is always incompatible with mine.* 


[33.] Summary of Calculations for deducing (A) and (B). 


With respect to my own form of a thin double object glass, the chief calculations are the 
following. 


пто) 1+ e =) |, rigorously у 


therefore approximately, 
Т; = ТӘ + T 0 d T 8 


in which А 
Ас) 
ыға ат (2) “а-а _ io? 
(v p zi (г „їз 2r; Ау ) 
Аа)? ri! (A;o\? „с? 
(6) = _ (До b Ae ETE BY % к 
1 9 Аш”? " 4 s) A; и : 


TO= iri! (Ain)? (Aio); T- Т 4 TO + 70: 
Т® = Zo TO; Т”Ф- Xe n АТ”; pra = Zo Т”; 


Аы с 


—————, Cs A ОА; и, 
т can Тал Анаш { i. 


С-Ғ(в,- со), F3-XgyriMp5; TO =—4F?r; А;ш(с,- о), 
2 
ТӘ = Рао Т АР (аА; T P= АА os 00) 


Р- о: = 160+ И; (сп – оо), if Fi! = Хот Аи; 
okie eg oag 


оз Шы 
T" = {Р (aon — со)? |- Taur m Fant ү Zor u (Poo + Ёг\с„— пуан 


Те = Qoi * (0,03 со T (0 T 0) о? 3 024- Q, спо? + 0” с; 
&Т® 


Oel = Ma on (1 * in? с?) ант Р (on x со) +5 


= Poo + 0, og + шр! 0» (1  $9,*07) (ан — in + pn + Q, oi) 
+ (4Q $5;* F) с +30, 000%; 


* [L. Seidel (Astr. Nach, 43 (1856), 328) also remarked that these conditions were incompatible in the case 
of a telescope objective. | 


+ [Cf. [18.].] 
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4Q+4u-"F=0, Q,—0; 7. neglecting* of, 
47 P (o, — со) = — ш Fon (on + 200) 
= — Fr, u'o + Zot B Fr’ Arion (on — 20%) 
+ Р-р Fp An 0599 + Fon (On — 2%) Х 113 Aim 
= — hur? Fon (on — 209) - 2u,? F ono; 


t 


О= фи? F? + Xon Fy Ant „1 Aim ha nF; 
0- pm? + Zor ЕЙ Ar — por, F. 


So far, we have made no supposition respecting the fivet indices, but have only supposed the 
four surfaces to be spheric, and close together ; we might even extend the two resulting equations 
to any system of four coaxal surfaces of revolution, close together, by changing, in the first 
equation, 317 Aiu to Хол Аш. But if we now suppose n=4, p= pa = pa = 1, а=, 
атым” Е-і-р, ЕР=! = р, р-р = р", (ш, ш! the indices, and р’, p" the powers of the two 


component lenses,) then ; 
, , 


Та — = ——, 
3 4 p! —1' 


ық 
Ті is p —1' 


dM 1 ) 
pl FA sx (ш 2 ) рл, ps FS Ar, =p 2 (r3 — rg), 


py Fan = rem P (Gs 


, " 
LE 


BF n= ET Bg Fl Дт = р (rs — т); MF, An О +00" D); 


and the two conditions become : 


, " , " '—1 , 
0=4(p +p 3+ 4р (т? + түт» + 72) + 4p (ети – p 9% 


тыл ағ 


+p? (sn) - os р + DP pias (1) 
Ку. ” a рт ҚАДА NS p” , "ol 22 i 
0=(p +p ) p +p (rs T2) ш" (ш”-1) {p + (№ 1) rs} рта; (2) 


ж [The defect of astigmatism depends on о? (вее [48.] ог p. 378), and does not occur when о? is neglected. } 


+ [These formule for the correction of spherical aberration and coma, for any infinitely thin system of 
spherical refracting surfaces, possess the advantage of involving only the fundamental data of the instrument 
(curvatures and indices). In this, although otherwise less complete and general, they possess an advantage over 
the conditions of L. Seidel (Astr. Mach. 43 (1856)). The forms of Seidel’s conditions for а thin system will be 
found in J. P. C. Southall’s Geometrical Optics (1913), p. 470, where there follow interesting historical references 
to other general methods. Although Hamilton’s argument here appears to apply only to rays in one diametral 
plane (for which of course the phenomenon of coma, geometrically described in No. XIX, does not present itself), 
Hamilton gives later, in [46.], the extension of the argument. The essential fact underlying the step from two to 
three dimensions is that, when we put r=0, т/--0 in the general expression for 74), the coefficients ©, ©, (unlike 
Q', Q,) remain still the coefficients of distinct terms, and may therefore be evaluated by the consideration of 
indiametral rays alone.] 

23 [In the foregoing argument there is no numerical limit to the number of surfaces involved. ] 
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in which, p =p’ + p" ; and 


71 — Тә = 


Hence (A) and (B) of [13.]. 


(941 Development of the equations (A) and (B). 


In fact, if we make 
, , 


2n = т + т + SE 2ra = т + 72 — 2 
ш- p= 


2i E 
978 = =з + Та -- P nn 1 5 274 = 73 a T4 — Wot и uA = т”, ut = m”, 
we have 
т?р? 
4 (т? + түт» +72) p' = 8 (т + 72) р hero 
(1 — т 
2 тарт 
4p (r$ + 737 + 7 2) = 3 (r3 + ra? p” downs (1- т!) ; 
\ 
-8(1-тУурт%--2(1- тур (ту + rg — 4m'p^? (rı vns E. 
РРР 
8р" (rs та) = 4p”? (— (r4 + T2) + T8 + T4 + L—— 5, KALE ти); 
1- "T —т 
8 р. "nor; n 2 "n , "n 
Ри + (1 т) rt = - 1295, (a — m) (ra +14) +m" (p! + p”) 
т”? 
„о. 9 (1 сы! m”) p" (r3 +7} – m"p +I (2p' tp (Ta 4 та) уйы of (2p' + р”); 


"іа 
— Sp*r,— — 4(р +p"? M Fh- 5) 
in the sum of which 6 terms and of 4 (p' + р”), the coefficient of (rı + rg? is 
3p’ -2(1— m^) p' = (2m' - 1) p' ; 


that of (rs + та), 
3p" WEM 9 (1 ML m") p" ИУ (2m” + 1)"; 


of Ti T2, 
— Чт’ р"? — 4p? = — 4 (т +1) р?; 
of T3 + Та, 
4р? — т” p" (2p' кр”- 4 (p' Tp y---—A4(m"-r1)p"(p" + 2p’); 
of р”, 
m’? 2m’? 4m’ 


жейде ед 
— 2 (1 — m^) m^? + Ат (1 — m^) + 4(1— т)? 4-7 4m' — m? + 2m’? | 
(1-тш) (1— m'y : 
of p'^3, 
112 4m" 4 — Am" — m + Эт". 


m"? Эт №, PA 
(Qem 1—-w"'1-m" ^". (1 — m" ! 
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and the remaining terms are 


т” 4m" php" _ 8т рр 7-77 (p' TP 4m" p'p Pr (р ver) DU 1 Y, 
c yer > — m" tM, о ъд) 
R^. (8т” + 12) p'p 7! (p tp); 4 
so that the equation (1), of last section, when multiplied by 4, becomes, (halving all the recent 
results), 


O=(m + 3) р (ri т) + (m + 3) p^ (тз + т) — 2(т” + 1) p" (р + p^) (тз + та) 
— 2p" ((m' +1) p' (rs + тә) + (m” + 1) p" (тз + ra)} 

4 — Ат! — m? 4 2m’? ,, у 4-4т”-т”--2т 3 ,, (А) 
2(1-т%я Р 2(1-т”%ң ^? 


+2 (2m” + 3) p'p "(р +p"): 


+ 


which differs from the equation (A) of [13.], only by the substitution of т’, m", р’, p”, for 
ті, M2, Pı, P2, that is, for the reciprocals of the indices, and for the powers, of the two lenses; 
Ті, Тә, 7з, T4, being still the curvatures* of the four successive spheric surfaces, positive when 
convex to the incident light. 

Again, if, in the double of the second member of equation (2) of last section, we change 
p^, ш’, tom’, m", and 2r,, 272, 2rs, 2r, to their values at the top of the present section, we 
find that the coefficient of rı + ra is — m'p' — р’; of rs - r4, р — m"p" —(p' - p^) 2 —(m" +1) p"; 
and the remaining terms are 

, V т?” төз ұт m" "i fag Do m" ( ”а ” ” 

2(p +p p- РР ee Es Е К m қ г” ті; қ 


= (2 +m’) p^? + (2+ т") (p? + 2p/ p^) = (т — т") p? + (2 +m") (p ар”; 


therefore (2) gives 


| (m +1) р (та +172) +(m" + 1) p" (ra та) = (т — m^) p? (m^ +2) (р +p"). | (В) 


Equation (B) gives the value of the second line of equation (А); it also gives (rı + 7)? as а 
quadratic function of тз + 74; and thus it enables us easily to transform (A) into an ordinary 
quadratic equation relative to Ts + 74, after solving which, we can find r1 + 72, and thus ri, rs, 7з, a, 
because 


к> дара да» 2954 


(851 Comparison with Herschel. 


My equations (A) and (B) (are intended to) serve for the construction of a thin double object 
glass, of which the aberrations in the diametral plane shall vanish, for oblique parallel incident 
rays, if the square of the obliquity of those rays be neglected. Herschel aimed to construct one 
. of which the aberrations should vanish, for rays incident from a distant point in the axis, when 
the square of the nearness of that point is neglected. By the theory given in [32.], my formule 
will be adapted to this latter problem, by merely changing 2p? to 3 p?, that is, by subtracting half 


* [That is, reciprocals of the radii.] 


HMP 56 
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the square of the power of the double lens from the second member of the equation (B) of [34.], 


without making any change in the equation (A). But as Herschel assigns equations between the 
y а 


two anterior curvatures, rı and rs, we must, for the purpose of comparison, change rs to 7; — ep 


arte 


нец and then (rı + r2)? becomes 


and v, to Fave 


P ә, 79 
scl iy OO тёр? 


i Ti n *tü-m)' 
and (rs + r4? becomes 
Ry i 4m" p"rs и т/р!" 
3 1-т’ (1-т')” 


consequently, in (А) thus altered (as to its form), the coefficient of r? is 2(2m’+1)p’'; of r3, 
2 (Zm" +1) p" ; of 1, 


Әт (Әт +1) p? nus 2v +2) p? 
тен са еқ -4(1--т)ур „р 7 Vat 
of 73, 
2 м 2 di 1 "а n ” " , 2 (m T7 2 " "s. 
vb мыл ae ME +1)p" (p" 2p) =- ci th tm 8(т” +1) рр"; 
оЁр’3, 
m" (m +4) Эт’ (m +Т) 4—4m' – т? + 2m^? 
Aom i-m 2(1-т”у 
—1(1-— m)? (m (2m' +1) + 4m' (1- т?) 4- 4 — 4m' — m^? + 2m} 
DIT IL 
„ (1— m^ 
of р, 
m/? (m" +4) | 2m" (m" +1) \, 4— 4m" —m'? + 2m"? _ 2 | 
(1— m" 1-т” 2(1—m"* (1-т”” 
of p?p”, 2(2m" + 3); and of p' p"?, 
4m” (m + FD, 2 (2m +3) = e Ls | 
1-т” - т 


the equation (A) becomes therefore, after being halved, 


/ 12 ” тә 
0 = (2 + 1) p' ? + (2m" +1) p^ r2 — үн ИРТА с Қа ЖЕРАР 27% Ыр, A. 


1-т 1- 
13 р’ бт” 4 3) р’р”?. (A’) 
—4(т” + 1) p' p" rs Myers a (d (p Үл” -3)p'p" bio p dnd , 


which accordingly agrees with Herschel's equation (v), Light, art. 313, if we adapt that equation 
to our present notation, by changing the symbols Z’, L”, w, u^, В, В", to р’, p", тау m", n, 


7а, after taking care to read the last term of (v) as 5 + L’? L”, as was remarked to Mr. Phillips 


in my letter of Jan. 3d. 1844; see p. 385 [of present volume]. In fact, it is easy to assure our- 
selves by mental calculaticns, that with this correction of the press, the equation (v) is a 
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consequence of the earlier equation (и), on the same page 391, of Light. And I must own that 
the equation (A’), in the present section, is of a somewhat simpler form than the equation (A) in 
the preceding section. With respect to Herschel’s other equation, it must be deduced from (В), 
by changing 2 (p’ + р”) to $ (p' + p”}, as mentioned above; doubling therefore, for simplicity, 
and transposing, we get for coefficient of р”, 


аа А) а ша, 
1-т/ 


ofp a „; and of 2p' p", — (3 + 2m'^; that is, we obtain the equation 
р База рр q 


3 , tt Ж; 
0—4 (m' + 1) pr, 4 (m" 4 1) р" duod qe oem m —9 (8 + 2m") p'p 


which accordingly agrees with Herschel's formula ( f), art. 469; or with my (B), by changing first 
member to ( p' +p” }. (See p. 385 [of present volume].) 


[36.] Deduction of (А?) and (B) from (1) and (2) of [33.]. 


In [33.], І have given a summary of all the calculations required for deducing the two 
equations, quadratic and linear, between the curvatures of a thin double spheric lens in vacuo, 
which will render it aplanatic for parallel incident indiametral rays of small obliquity: namely 
those marked (1) and (2), near the foot of the section just referred to. In [34.], I gave the cal- 
culations required for transforming these equations into the two marked (A) and (B), between 
+72 and 7з +74; and in [35.], eliminated т» and 74. It would however have been simpler to 
have begun by performing this last elimination. Equation (1) being put under the form: 

0 — (p' - p" 4 p' (ri + түт» 3) + p" (rg + ora + та) — 2(1 — m^) p'ri + 2p? (rg — ra) 
i =e „ {m p + (1 — m")rg? —2(p' +p”) ra, 
(under which form it results very easily from the analysis of [33.],) if we change rg and 74 to their 
values in the preceding secticn, namely 


Ih. IP 
т, 


UM. PUE T = «к 
1—1? 1 1-67” 


Таз-7і- 


we find, for the coefficient of r?, 
3р -2(1— т) р’ =(1+2m')p’; 


913, 
; 3p" -2(1 —m")p" =(1 + 2m") p"; 
ОТ 71, 

9m p^ ya жедел „л. 

—, 1—-m'* ^ 
of 7а, 
| 9m" т , в ЖУ? ” ваги In, o M. 
| — TE + 2p? - Am" yp" – 2 (p' +p" P= т p41  m")p'p 
f p^, 
of p ating 
1+ (1. -m —т d 1- » vi rep t 

of р’, 


1+ (n T 2-а = т")-*; 
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of рр", 
2т "2 2m" 1 
а ie e ola ood 
and of p' p'^?, 
4m” 8 +m” 
3+ TT Ж 


the equation (A’), in the preceding section, is therefore thus deduced, with great ease, from the 
equation (1) of [33.]. 

In like manner if we substitute for r2, r4, their values in the equation [namely, (2) of [33.], 
with the signs changed, | 


HH 


0 трт p' (ra r9) + 2 m" p! + (1 — m") nj + (p! p) ra — (p! +p", 
1-т 


we find for the coefficient of т, (m' +1) p’; of rs, (m" +1) p"; ор, 


т’ bl cu 
EL а ahi VS us 
of т 
j m” 1 
ee 1 er ұлу”, 
and of p' p", 
т т"! 


о) КРА» 
ih poe aes (2+ m^); 


therefore my condition (2) may be put under the form : 


12 112 
(т +1) p'r, +(m" +1) "^r; = eer, E x^ DA —т + (m” + 2) рр". (B’) 


Accordingly this last equation might be obtained from Herschel’s formula (f), or from the 
equivalent formula at the foot of the preceding section, by changing the first member from 0 to 
( p' +p”, that is, to the square of the power of the compound lens, and reducing. But it seems 
to be convenient, as a summary of what is most necessary in the way of calculation for my 
purpose, to annex this section to [33.]; and that we may have both equations in one view, 


I shall here copy the other: 


0 = (2m 1) р/т + (2т” 1) prj 


т +2 m aa 


M 12 T Gy еа " rw 
ое tT Pe ae eS (A^ 


p? p"? m" +3 ak. Т "ug 
+ Gow" Gm" Ton? P + (2m +3)p р. 
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[37.] Focal Lengths and Aberrations of a System of Refracting Surfaces 
of Revolution, close together at the origin. 


(Feb, 22d, 1844.) Ву [32.], 


-pii -p+ AP (on — од 478; 


ааа Zo n+l 


M -- pP. SL. NI = „ый (for central rays, nF ome м” = 1) 
On — Со Bai On — 60 20 Zn4A 20 
we have 
2 
AF (oq — e) * T" = SW "br T 5 + Хт! (= TF у T 

ntl 


AF-(o,— со) ^T" = X "sip, = fire А; и, if surfaces be spheric ; 


therefore, the equation determining the focal lengths and aberrations of the system is 


тш 1 ш Ho И? dup ТРУ, ) 
ee poai- ae er t Boa (R + ro) Ан онди 


in which po, .. Hi, .. ра are the indices of the n + 1 successive media; 71, .. 7% are the curvatures 


х Я \ а? + 1\2. 
of the n successive surfaces; 81, .. Sn the a-parabolicities, or the coefficients of (229) in the 


developments of the 28; Аш-ш-ша, Ёг!=У> {Аш Ғ-Р,; Ari-ria—ri; w is the 
semi-aperture, or the common coordinate, perpendicular to the axis, of all the near points of 
incidence or refraction ; 20 is the ordinate of intersection of the initial ray with the common axis 
of revolution, and 2,41 is the ordinate of the intersection of the final ray with that axis. 


In the second member of the formula, we may change арі АР to £ E P and then that member 
| n+l 


takes the form 
(Xo + 499425 + ue aZ, 2 + 253) ай; 


in which the coefficients have the values: 
№ = lu F3 – и Frat St a Fp’ Ar + 5 ув: Ди; 
M = F 2р1 F- Irat 25 yt ete ON; 
ЖЗ F1 рут, tM itgi Ат gup — 20 4 (иг): 
№= (05—66°). : 
Comparing these expressions with the definitions given ір [29.1], [31.], of M, N, O, we have the 


relations 


№=М; M=2N- pF; M-0-iwn;?F-. 
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In this manner therefore we might find again that the conditions for the construction of Herschel’s 
object glass, being № = 0, № = 0, are 
M=0, N=} F, 
as in [32.]. (Mine are M = 0, N= 0, by [29.].) 
[38.] For a single surface, n= 1, F = rı (m — uo), 

№= $44? (ра — Mo)? rj — ii (Ma — pori (иу — Ho) 81; 

M = фу? (ua — Mo)? — 2u1! (иа — po) ri; 
№ = $H? (M1 — po) r1 + игу (ua — po) т; 


As = iu "— ы); 


that is, 
21 (pa — Mo) ^ r1 № = (pa — po)? — Зил (ил — po) + 2 тг 381 = М2, Юг a sphere; 
2р Mo (ил ~ Ho) TTI’ M = Зио(ил — Ho) — 4pop = — po (p1 + 399); 
2р2 po (pa — шо) "тг" Аз -38 + 2uop3 = po (231 + Bpo); 
2ui uo (Ha — po) 1\8 = — fo (Ha + шо); 
also 


po (1 — 4, — pop 261 (rj — 251) = po (r1 — 251} (— (и + ро) гу t+ рот]; 


therefore the formula for a refraction at a single spheric surface is 


| 


- a? 
a HO, po) ry we а, gaye 3 


с -1 
Fa aps a (мл + Mo) 25 ! + toi] 


This accordingly agrees with Herschel’s formule, namely 
у=@-туЕ+тр; Me  Q— R- ру (mR-(1 4m) В 


(In a paper in the Phil. Mag. for October, 1841 [No. XIII of the present volume, equation (26.)], 
I deduced, for the aberration of a single refracting spheric surface, an equation which, in the 
present notation, is 

Mo 
pA — Ho 


2 
first member (as above) — (ry 261 — 221) (251 2 DE i 


Accordingly, 


zi 7А opa ы Wi 
auc VD о TD gd uo %) 
For a lens in vacuo, n= 2, uo = ua = 1, ш = p, 
Frii-n(u-l) ЕР =Р = (т - 172) (ш 1), 


Bp ЁТ“ Aris и 1(и—1)т Л, py Ppt An рт Р, 


1 
— Zoids t= — т (и —1)—та(1 и) ust En 
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therefore 
$1 — 89 
OF No = F-2— 2r, FA — 253 (y — 1) + 2 (2—3 ) 


T9 


2PM = 3/73 — 4n - Aj = (3 — 31+) in (бие УШ 
2Fħa=3 + 2н; № = 0. 
If the lens be spheric, the coefficient of 7? in Зи PA, is 
(&—1)#—2(и—1)+=2— 2и%+ и; 
—2(в—1)#%н—2(и—1)+н=-— 2p) + 2р? +p; 
шш 1+2 (0—1) +1) = 


Hence, for а single infinitely thin spheric lens in vacuo, with curvatures 71,7, index p, focal length 
F, we have the equation 


i 5t 


agreeing with Herschel's formula. (Compare [28.].) 
(Feb. 23d, 1844.) For a thin double spheric lens in vacuo, we have * 


that of rira is 


and that of 72 is 


(2 —2,? + из) ri + (w+ 29? — 243) тт + иЗ r2 h 
(4+ 8ш — 355) ri (и + 33) r) 2;1 + (2 + 8ш) ара) 


М+М - ФЕ) 2014 (0-4 F) 209}; 


in which 
Ft = (w — 1) (ri ra) + (ш — 1) (тз— re), 
апа М, N, О have been already developed [pp. 429, 430]. Thus M (2 — F-4L = F-*(4Q + 4F)) 
is the quarter of the function of indices and curvatures, which is equated to zero in (A) of [13.], 
or [34]; or it is the м of the function equated to zero in (A’), of [35.], [36.]. (Asa verification, 
when ту = 7з = rs = 0, 261 = 0, we thus get 
аео dE s аша, 
= — РАМ Пи” pr ҰЗ; 
which agrees with the expression for a single plano-spheric lens, exposed to parallel rays, namely, 
by this section, 
МЕМ. 
n py 
For the same double lens, 2 is the first member of (B) of [13.], with the signs changed; or it is 
the second member minus the first member of (B) of [34.]; or N is second member minus first 
member of (B') of 136.) Finally, by [31.], 
O=2F 14 m'y + тр". 
In general, for ANY COMBINATION OF THIN LENSES IN VACUO, (spheric or not,) 
№=#Р-1 + Утр= > (8+ тур. 
ж [This is derived directly from the general result of the preceding section, on substituting for the Xs their 


values in terms of М, М, О (p. 441). Changing 2; to 2,,1, the result is applicable to any system of thin lenses 
(spheric or not) close together in vacuo.] 
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[39.] Foci and Aberrations for oblique parallel initial rays. 


(Feb. 22d, 1844.) By [37.], for any combination of refracting surfaces of revolution close together 
in vacuo at the origin, the focal lengths and aberrations may be determined by the formula 


1 T e, № м) 
Zn41 stp tuta 


in which, with the notation of [29.], [31.], 
; №=М; M-2N-1F; M20-—4F7. 
The initial ray passes through the points 0, zo and 2,0; the final through 2, 0 and 0, n41. (The 
final 2, 0 is not exactly enough coincident with the initial æ, 0; see below, and [40.].)* Hence the 
equation of the initial ray may be put under the form 
a 29 
and that of the final under the form 
2 2п+1 


if £o, & be the general or current coordinates of the one, and £n11, баз those of the other. Now 


let the initial rays be given to have a small and common inclination to the axis; then ; 


small and constant = — a} or = = -° , & being a quantity of which we shall neglect the square. 
0 


Then the formula gives 
«ИИ: 


Хо43- ay (1 + №а?); 
Т p* 0 Oo ( 127) 


therefore 
Ena = & — ri чн = 4 + 096,44 (1 + Ma) — (p+ ма?) oua 


such, then, is, approximately, the equation of the final ray from the point а, 0, if the initial ray 
be parallel to & = æo £,, and if ао be very small. For example, the final ray from 0, 0 is En41 = бич, 
that is, light passes through the common vertex with an unchanged direction. Also if æ= Рао, 
then the principal part of the inclination of the final ray vanishes. 

Now consider the intersection of any other final ray with that from the vertex. We have, for 
this intersection, 


021 ba (мег p er); 


that is, 
бан = Е (1 + F rox? ag FMg)! =F— F? Ma? + F? Maot 


This conclusion is not exact enough, owing to the differences of the а? of intersection of the 
initial and final rays with the axis of z, which is perpendicular to the axis of the system at the 
common vertex. See [40.]. See also the investigation resumed and completed in [41.], and by 
other methods in [43.], [44.]. * 


* [These remarks were inserted subsequently. ] 
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When M=0, У-0, and р» = xo =1, we have, on the one hand, by [37.], the relation * 
F being the focal length of the combination of surfaces of revolution, supposed to be close together 
in vacuo, and to be constructed according to my two conditions for the destruction of aberration; 
О is a certain other constant, namely, by [31.], 277 — Epiri â; " 20, Zn4, are the ordinates of 
intersection of the initial and final rays with the axis of the combination, or of z, the common 
vertex being taken for origin, and 2 is the semiaperture. Under the same conditions, by [31.], 
T = — $F (a, — a9 + 1 F*0aj (a, — a0)? — 4 F (0h — ауу; 

therefore the equations of the initial and final rays are respectively 

(b) 2—9(1+ $a?) zo + F (an — а) = 4 F*Oa (а — %)(20- аһ) — $ Рао (а, — a5); 

(c) 2543 — @ (1 + $02) 2444 +E (an — со) = 4 F*0a (a, — во) — $ Ра» (а, — а). 
To show that (а) is consistent with (b) and (с), we may observe that the two last equations give, 
when 2 = 0, 2341 = 0, 


Poe о, {1 + фа + 4 FO ct (209 — аъ) — 1% (t + в}, 


Pec ao) а. {1 + 402 + 4FOc — за, (an + a9) 


Zn41 
= c, (1 — fae, + 3 РО o); 
therefore | 
(4) 2511—25 Р = – Раа + Оа; 
the error being of the 4th dimension. Now, to the accuracy of the 1st dimension, or indeed of 
the 2nd, inclusive, we have 


а 
2-- F (n-o); d9——-—; %=- =— ; 
20 2n+1 
therefore 


Oc? = 0 (ғу, — 4 Pag = — E2512; = – Petes st F); 
therefore (4) transforms itself into (a); and reciprocally, (a) may be changed to (4). 


[40.] (Foci for oblique rays.) 

Now, the equation (с) expresses that if ао Бе given, all the final rays pass through the 

common focus 
(e) ХР (1—$FOe2), Zp = (1-а) Р(1- 4 F003); 
(compare [31.];+) and I wish to see whether we could deduce the existence and position of this 
common point or focus of the final rays, for a given small obliquity of the parallel initial rays, 
from the equation (a) or (d). 
* [The z of this formula was defined, without ambiguity, іп [32.], р. 432.] 
| + [The initial and final rays are at present considered to be in vacuo. | 
HMP 57 
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That there is nearly such a common focus for the final rays, when the initial rays have been 
oblique to the axis but parallel to each other, may be proved even from the equation of focal 
lengths (not aberrations) for direct rays, namely 

(f) Zat =% + FO. 
For the relation 
Хан- бен ан) (аР) Dos}, 
> Zn41 

is satisfied for all values of с and 2, which are in a constant ratio to each other, namely 
а= — 2, by supposing „у= Р, Xn1y=a0F. Thus, the law of the formation of approximate 
oblique foci, for parallel (and indeed for diverging or converging) initial rays, may be deduced 
from the law (f) of the approximate foci for diverging (or converging) initial rays. In fact, by 
the law (f), we can so far trace the course of a given initial ray, as to determine, with only an 
error of the 2nd dimension, the intersection of the final ray with the axis of z, and with only an 
error of the 8rd dimension in the intersection of the same ray with the axis of 2, (the refracting 
surfaces being close together at the origin ;) we can therefore determine the coordinates X and Z 
of this intersection of two final rays with each other, with only а an error of the 3rd dimension 
(at most) in X, and of the 2nd dimension in Z. 


Thus, if the initial rays diverge from or converge to Xo, Zo, we have the two equations 


(g) Хе=а (1 67. 20251), Хан =@ (1 ШУ аа ы) ; 
therefore 
Xn 2,1, 7 Х001-а(2,1,-2;1-Е-); 


and this will be satisfied independently of æ, by obit the following equations, which 
contain the theory of images: 


(h) % 


лығы; Х,4%! = Хой. 

But although the equation (a) determines for a given initial тау the intersection of the final 
ray with the axis of z, so as to leave only an error of the 4th dimension, yet because that 
equation leaves us still liable to commit an error of the 3rd dimension with respect to the 
intersection of the same final ray with the axis of æ, or the point where it emerges from the last 
refracting surface, we are liable, till farther information is procured respecting this last point, to 
commit an error of the 3rd dimension relatively to X, and therefore one of the 2nd dimension 
relatively to Z, of the intersection of two final rays with each other. We must not therefore 
expect to deduce, though we may perhaps verify, the existence of the focus (e), with the 
accuracy required above, by means of the equation (a) alone. 

We must therefore combine with (a) another formula, derived from (b) and (с), for the 
change of 2, at the common tangent to all the surfaces, that is, when z= 0, 21-0; namely 


(i) Az = $ F (a, — о) (FOa, — (a, + во); 
or, in the same order of approximation, (see foot of preceding section,) 
(j) Az —4F33? (2— РО) z;! 4- P3); 
in which, [see [31.]] 
d 1 
Xo 17i ш 


2 — РО = : 
Yor m 
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[41] (Foci for oblique rays.) 


Resuming therefore the investigations begun in [39.], with respect to the intersection, which 
we shall now call X,,1, Z,41, of any two final rays corresponding to any two parallel oblique 


incident rays, or rays for which = 21 constant, and employing the two formule (a) and (j); we 


have, as an equation of a final нні the following: 
X n+l + база 


(к) 2+ Ах ty vfus 
that is, 
(1) Х. [1 — 4 Fa (2 – РО 21 TE, 


+ 22341 {251+ FO {Раг +(0— $F) a? 2, *} = а, 
Differentiating this equation with respect to æ, but treating 22-1 as constant, we find 
(m) —4X,4F-3(2—FO0 22,!--2F32) + Z,41 (F1 — Fates! + (0-4 F) а?а?) =1; 
so that we are led to try to satisfy the system of equations 


— $ Xna F (2 — РО) 225 + 231 [F+ (0—4 F) 7257} =1; 
and 
Xna (1—4 Fa) + Z, 22; 1 (1 — 3 P742?) = 0, 
that 1s, 
Ха+ы + 6.41521 = 0; 
which can in fact be satisfied (in our present order of approximation) by supposing 
Zay = [F +} (F + 0) а? 257} 1 = F(1 — $0225) (1 - 4 P0232, 9); 


and Xn = — 226 140241; 


(n) 


that is, if we make — г! = tan sin^! ао, and therefore 1 — ja?2; ? = cos sin 00, 
Хан 29 ан 
Ф 7% 71-44 
formule which agree with (е). 
The formule (a) and (j) are therefore sufficient to show that, under the conditions which 
have conducted to them, namely, those denoted already by 
(p) | M=0, N=0, ш=ш=1, 
the aberration of the system is destroyed, for oblique parallel indiametral incident rays: which 
is one part of the theory of my object glass. 
(Feb. 23d.) For any combination of coaxal refracting surfaces of revolution, placed close together 
at the origin, we have, by [81.], instead of the expression (j) at the foot of the preceding section, 


the following, in which Ал is the total change of abscissa of intersection of the ray with the axis 
of т, that is, with the common tangent to the surfaces: 


oe EE РЗ (es оо (on — со)? — 1 uz? F (es + со) (cn — со); 


=F (1 —4F0o?); 


As = 


57-2 
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therefore и 
Ac =4 F° (N — р F) (on — со) + $F (FO —257?) со(сһ — со)? 


қ ж 
мұ) |x- pz? F+ (0 — 2р? Р-1) Е 
Шы” 20 


a? d 1 
p ә |- Zor А T М, Th + ног X oris A i 
Z9 being the ordinate of the point where the first incident ray crosses the axis of the system. t 


From geometrical considerations, I think that this ought to be equal to 


a? 1 
2 Xo Р 
2; being the ordinate of the point where the ith refracted ray crosses the axis of the system. If 
so, we must have 
duce Ө A uei ect 
— = И ж — = 1-- —1 [| —— | 
Ath T mt а mi АЕ 
that is, 
Ha Ho ШІ 
i “ g + 71 (ша шш), 


which is true; and also, 


1 » i Г S 
"Аһ = uui Pl (rna — T8) + up Fa tn — pul Pl nsa + Molo Yn (Uz — hl), 


that is, 

2671—2671 ms Fu! m uut А pts! s! — ША), 
that is, 

£o — wah (Fo) + ша) = 2,71 (Ег! a) =0, 
or, 


Теле hny = шар! АҒА, 
which is also true. 


[42.]} (Foci for oblique rays.) 


Let XPQ be any incident, and X ‘Pq the corresponding refracted ray, CX X" being a tangent 
to the refracting surface CP at the vertex C, and E, on the 
axis С40, being the centre of curvature. Let РМ, as in 
Herschel's figure on last page,§ be a perpendicular let fall 

CM Z Q from the point of incidence P, on the axis CQ; but let us, 
as in the notation already employed in my own investiga- 

T tions on recent pages of this book, denote PM by в; СЕ 

by егі; let us also denote CQ by z; |; and Oq by z/. Then, CM = }т;а?, nearly; 


a 


` 
ж 


ОМ pei gh OK MP. 
= = 52,1703 = ————— 9 
MQ MP 

* [Since -= ud ; see [37.].] 

+ [2/22] 


1 [The method of the characteristic function is not used in |42.) to [45.] inclusive.] | 
§ [We have omitted the page referred to, and a few others, headed ** Comparison with Herschel."] 
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therefore 
OX - MP = $221 
neglecting 25; similarly 
OX —- МР = eirias; 
therefore 
XY mOX —@ї м 4(2;71— 2:71) тай, 


neglecting 25. Hence if we denote OX by æ; ао and OX^ by 2; ,-- Ах’, we have 


in which, as in former investigations, 


Let therefore the first incident ray cut the axis of 2, on the common tangent CX to all the 
refracting surfaces of revolution at their vertex, in a point of which the abscissa, on that tangent, 
is 20, or simply a’. The last refracted ray will cut the same axis, or tangent, CX, in a point of 


which the abscissa is 
к n 
: -а/ + has т А; > a 


11 ur! (uos Р), 


But 


if we neglect the aberrations which have no effect in the present investigation (relatively to x’) ; 
20’ being here the same as 20. Hence, denoting for abridgment 20 by 2, we have for tha abscissa 
а” of intersection of the final ray with the axis of æ, the expression: 


Hui ae ae 1 T 


іп which we are to consider Р! as equal to zero, because 


1 1 
Ba 5 m1 m ny А + HF, 


Thus, 
Xtra HF) mra, P ZT Me FT Ағ; 


and by employing the symbols X of [37.], this last expression becomes 


(002p фора 
With the same symbols, 


Eois (2- фе Mri ЕН; 
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thus we may write, for any combination of coaxal refracting surfaces of revolution, placed close 
together at the origin, 


vis et a’ om = 
aA ug на Dorm ЧАР (Р 1+2) 


n - 1 —154^ { 
w t= ug (B + р ира (dot rake + na (#7) + (4)'); 


д’, 0 and 0, 2’ being the coordinates of the two points in which the initial ray crosses the axes 
of æ and z; and 2”, 0 and 0, 2” being the coordinates of the two points where the final ray 
crosses the same axes; so that the equations of these rays may be thus written: 


Ж ga + Ft шә 1 - P d desc. + a" Vu um T : | 


Aj Al os 1 
ро being initial, and p, final index ; р" > (917: аз before, and Xo, №, As, Аз having the values 


assigned in [37.]. 
And, in the order of approximation to which we have hitherto confined ourselves, we may 
investigate all cireumstances respecting the arrangement of any system of indiametral rays, by 


the help of these last systems of equations. 


[43.] (Foci for oblique rays.) 


Thus, if the initial rays be parallel, x’ will bear a constant ratio to 2’; and to find the 


intersection of two infinitely near refracted rays, we may differentiate the equation of the 
, 


refracted ray with respect to a’, treating 2 as constant; and thus we obtain, after multiplying 


by 2’, 


xX” F, po (1 2 g" ON Ox за F-2 a! + Z" (л Ho a | 3s =) a 
a ра? 2 4 Ме мг ісе: 


Neglecting at first small terms, we have the two equations 
Ш” -1 7" Мо 1 Ago -1 7" Ho 
2 ow (P). a = Um» Жоу: 


which give as approximate coordinates of the intersection of the two infinitely near rays, 


then substituting these values in the terms of the 2nd dimension, in the equation in the present 
section, and in that obtained by subtracting it from the one in the preceding section, namely 


i Ж” x a БА * ЖЕ шо dà " 
жеге dad 2 (м-%ш; Р) + 9 z (Qa — $5, F ) 
Ж 7A Mpo Хәй 
+12 e (+2 мн А, 
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we find Ist., 


202 
Qu 7 $8; Ра) + 57, а gug? F) 


е у) pon? F 
mI t£. 


X 
– «ар (3% +2 2 m 


so that this expression wil involve one term varying with 2°, and another with —, 
/ 
(% being constant, unless the two following conditions are satisfied: 


№=0; M=- фи ЕЗ; 
that is, as before, , 
М-0, N20. 


But 2nd., when these two conditions are satisfied, then, (see [37.],) 


Пт rose dug? P= 1-4 (MS) +, FO) 


bn P 
=(1 — фо?) (1 3 F0 c2) 
if 
ое a 
1- фа | ” а, Ln , Со poo; 


and, by the first equation in the present section, 


х Р р дава — yh FO 02) = uos F (1 — 4 F003), 


VX"? x Z^, F (1-4 F002), as in [31], 


We find therefore, in this way also, namely from the connexion between the equations of an 
initial and a final ray, given in the last section, or from the expression for æ”, combined with that 
for z”, as depending on а/ and 2’, that the additional condition, besides A» = 0, or М = 0, necessary 
in order that, for parallel oblique initial rays, the final rays in the diametral plane may converge 
to one common focus, is 


M=— $u; F, or N=0, as before. 


Nor have we in this last method of investigating these conditions M —0, № = 0, employed the 
function 7 any farther than as in deducing the expressions of [37.] for Xo, №, №, Аз; which might, 
however, have been deduced by other methods, for example, by that which Herschel uses. 


The theory of my object glass, therefore, (at least so far as indiametral rays are concerned,) and 
the fundamental equations which: construct it, might have been deduced, although less elegantly, 
without the introduction of my characteristic function T. 
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[44.] (Foci for oblique rays.) 


Without differentiating the EQUATION OF THE FINAL RAY, given in [42.], let us put it under 
the form 


a 11 ^2 " , 
o- {27+ p (1+ м(% уни [ан (rmx) 52 - guz? r) 


(0742 Me) u-i X" BELL d. 


and then we see that if it is to be satisfied for given values of 7, , X", Z", while а remains 


undetermined, we must have 


м Пе loeo Ра d (A7); 


M=- 4p; F”; №=0. 
And if we now employ the expressions, (see [37.]), 
№= М; M-2N—iu?F?; M-0-—iw,?F!; = (и, — mH”); 


we arrive (as before) at the conditions 
M=0, N=0, 


and at the coordinates 


X" = y, Fa, (1 — ъи? РОо?), 


Z" = wy, F (1 — фа) (1- $n F0aj), 


in which ; ' 
x > [oo | 
a--z( im) te 
therefore 


VX +4 Z = Fu 3 F0, 
as before. (See [31.].) 


(Feb. 24th.) The equation of the final ray, given at the top of this section, is accurate to the 
3rd dimension inclusive; and if the initial rays be parallel.to each other, although oblique to 


, 
the axis, then 7, is constant, but a’ is variable. Now а/ is the distance of the initial ray from 
the origin, that is, from the common vertex of the n refracting surfaces, measured upon their 
, 
common tangent; if then we make а/ = 0, without making 2 = 0, we shall obtain the equation 


of the final ray which corresponds to the ray incident at the vertex, namely : 


А Z" ша "UA | 
A In T (rex). 
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Substituting for Аҙ its value, № = 4 (u7? — ис), and making 


, ^9 
s 0-4). aA 


| X" = a, Z" (1+4), | 


as might have been expected, because the ray incident at the vertex emerges there, with that 
Hoe o 


n 
If we next inquire what is the intersection of THIS final ray, with any other, corresponding to any 


value of 2’ different from zero, we are to suppress the part independent of z' in the equation at 
, 


the top of this section, and then divide by 2, (treating always 7; as constant,) and we thus find: 


this equation becomes 


change of direction (if и, be different from ро) which is expressed by the equation а, = 


” И " , 
0--1,% (ғаам(егу).4 Me Q4 — du? F3) 


a " Z" al 1291 Т ў g" 
ET: T uy uH BASSE bez м; 


that is, in the same order of approximation, (neglecting here terms of 3rd dimension,) 


2" (pA шо, (uot -2 3 M ad -2 p-2 nu 
1-2 [r + (E) - à (57) Oa pez E Out ius F2) dealt 5 


z 


that is, 


= 1 a’ 2 За’ у. e , ; 
hm pt Оа Bazt F9 (E) + Oa t daze) (E) лол 


[45.] (Foci for oblique rays.) 


If in the next place we seek the intersection of the ray emerging from the vertex, with that - 
which emerges from an infinitely near point, the incident rays having been parallel; we are to 


, 
make a’ = 0, (but not 2 = 0,) in the formula just now given, and we fird 


- pt hat ugk) (EEY, 


as a formula which determines the central focus for oblique rays in the diametral plane of an 
instrument, composed of any number of coaxal refracting surfaces of revolution, placed close 
together in vacuo* at the origin. This central focus is the point X”, Z”, of which the coordinates 
are given in the upper half of the preceding section. 


ж [The restriction of being in vacuo is not actually made.] 


HMP | 58 


www.rcin.org.pl 


454 ХХІ. IMPROVEMENT OF OBJECT GLASS [45, 46 


Let the ordinate of this central focus of oblique rays, or the 2” determined by the last 
formula, be called, for a moment, 7”; then, the formula at the end of the preceding section 
becomes : 


ane gn ТЕР Тқ * ФАГ F-*) (Ef ) T rox”? 


and gives 

"т" 
so that there аге in general two kinds of indiametral aberration, for parallel incident rays; опе 
kind depending solely on the semiaperture 2', and answering to the term Ло’? in the expression 


for a gr ; the other kind depending partly on that CREST ә”, and partly on the obliquity or 


inclination of the incident rays, of which the tangent is — 7. If both these aberrations, or parts 


of aberration, are to vanish, we must have not only ve 0, which is the most usual and 


recognised condition, but also 
м+{#&;?%Ё-—%=0; 


and thus are still again conducted, by a slightly different path, to the same two conditions 
already several times (in this book) assigned by me, for the construction of an aplanatic 
object glass. 

If the most usual condition of aplanaticity, namely Хо-- 0, be satisfied, but not mine; or if, 
(which is indeed a case of the last supposition,) the two conditions of Herschel are satisfied, 
namely Ao = 0, № = 0; then the longitudinal aberration for oblique parallel rays involves a term 
proportional to the semiaperture z', and changing sign therewith; so that the corresponding 
term of lateral aberration is of one constant yy independent of the sign of the semiaperture a, 


being indeed proportional to g’? (= % while 2 F depends only on the inclination of the initial 


rays to the axis of the instrument. In fact when Z” has the value above assigned for the central 
focus of oblique rays, the aberration of X”, measured from the ray which issues at the vertex, is, 
if A9 = 0, expressed by the formula: 


xr (я) (ня) 


т 


ШЕ) а", 


[46.] Ex-diometral rays, by function T. 


System of Refracting Surfaces, close together at the origin. 


(Feb, 29th, 1844.) For the last 40 pages, (right and left hand,)* we have considered only 
the arrangement of rays in the diametral plane of 22. But let us now resume the investigation 


* [That is, of the note book. Seven of these pages, devoted to a comparison of Hamilton’s results with those 
of Herschel on spherical aberration, are not reproduced here, and one page, headed “ Foci for oblique rays. 
Caustic curve.”, is blank. The investigations on rays in a diametral plane, as here reproduced, are contained in 
sections [14.] to [45.], inclusive. ] 
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of [33.], supposing indeed still то = 0,* but not т; = 0; so that 
T= AT T; -rlAv. fı -- VAN Sekt Gor) $ 


(А; и) 
о? + т? 
е 2ш 
T,= TO  T"(9. T". TO.T"€9-— (Aic + (A; т} ) 
v D $ А i a 2r;A;v , 
(Av) = (Au? 1 (89, бет), 

төш ФӨеужан) ЖД ОО ыйыы ra us "1 (Aro + At)". 
T Wk. ЕК ДТ M Hv dv welt Guy. 


T®=STO; Т" =ST"O;, TUM = УТ"; THTO4 ТӘ + T"; 


6 6 
= —— (2) . = (2) - 


des Ме. Ains . Ait _ А ат 
зи табан! "Аш т2л’ 
Ёгї=Ў>„{ Аһ, 0;:— со= ОЁ гі, т-т-т =DF;', Р, = Р, 
св = со= OF, ть = РЕ; Е-1(0;– со) = Ег! (са – со), Рт; = Рг\ть; 
Е-1Д;с = (сп — со)": Аш, FAT = тт; Аш; 
Т@ = — 4 Ра: Дер (сл — сот), 79--%Р((о,- со)? + т}; 
с? + т? 


Aro = От; А; ш; А;т = Dr; А; 


T"92 РА T {(on—ao) t+ т), TO= РА: (rs oo) + 73); 


2-13 


2 UNE 246. ы 
"9 = Р ((т„— o) + 72) f- Fin tees 20 LX 17 ap (Foot Fy lon — oo) р] Ard; 


po 
T"'& =} P (o, — со)? + 3) Z iri Др Р (on — со)? + Т) Eisi Aint 
Hence, if in the expressions [in [33.]] for 79 and (e; — во) T®, for indiametral rays, that is, for 
the case т, = 0, we change c? to о? +72, we shall get the expressions for 79 and 
((en — со? + 75) * TO, 
for eadiametral rays; the refracting surfaces being supposed to be all close together at the origin. 
Now, in the notation of [33.], for indiametral rays, 


T = 90% +Q 0300+ (Q' + Q,) 020% + 0, спод + Q" e$; 
therefore 


ТӨ (e, — со) — 903 + (@ + Q) оз, + (9+ 9, + @' +Q) no+ (+A, + +++) с, 
* [The incident rays are assumed to be parallel to the plane y=0.] 


+ [This latter expression applies to surfaces of revolution in general; the former to spheres only.] 
58-2 
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and * 
0-0-0,-0--0,-0/-0% 


also, in like manner, 
ТӨ (съ — со) = Qa? + (20 + Q) e, 0o + (39 +20, + Q' + Q,,) оў, 


0-40--380,:-2(0-0,)-0/; 
therefore, for ewdiametral rays, the additional part is 
т» {@ (on + ть) + (20 + Q) спао + (80 + 20, + Q' + Q,) сд) + Q5 (on — а); 
and the whole 
| TO = Q (c ++ onoo (0 + 72) + Q 03 (0 + т2) + 0,020 + 0, ось + Q" е}. 
if we make * 


and * 


40 + 20, Ж 0, = 0), 


a condition necessarily compatible with whatever value of Q'-- Q, may have been previously 
deduced from the study of the indiametral rays, or from the development of 7% for т„=0. 
Reciprocally, this last condition must be fulfilled, if we wish to have the form just assigned for 
ТӨ, for the case of an exdiametral system. 


[47.] The three conditions * 
Qt Q,* Q'- Q,- Q/ +" -0, 
4Q-- 3Q, - 2 (Q" +Q) - Q/ —0, 
4Q + 2Q, +Q, = 0, 
are doubtless those required for the divisibility of the expression 
T = © (g? -- т)? + ©, aoc (o? + т?) + Q o2 (o? + т?) + Q,o20? + 0, ос + Q" o? 
by c?--7?— 2e90 + о. It may be instructive to verify this divisibility, and to assign an 
expression for the quotient. 
Retaining 0, Q,, ©’, and expressing Q,, Q,’, Q” by these, we have 


Q, xdi 4Q "x 2Q,; 
0) =40+ Q, — 20’; 
07--0-ғ4. 


But 
(o? + 17)? — 40202 + 4o$0 — сі = (0? + т®— 20006 + с?) (a? + т? +2000 — оў); 


сос (c? + т?) — 20202 + оў е = (0? + т — 2000 + оў) сос; 
о? (c? + 1?) — 2080 + соф = (o? + т? — 2090 + 02) 02; 
the division therefore succeeds, and the quotient is 


Q(o? + т?) + (2Q + Q) eve — (Q — 0) of. 


* [These three relations between the coefficients in the general expression for any instrument of revolution, 
T= Qe? T Q, ee, + Фее + 9, є?+ Qe, е + Qe, 
are consequences of the condition that the system is thin and situated at the origin, 76) being then divisible by 
е-2е,--е; see Appendix, Note 26, p. 511.] 
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Comparing then this last expression with that given by the last section for 
(а? + т? – 2сос 4-02) Т), 
(in which we have written c, т, for оп, Tn,) we find 
АР-0--Ғша, Zor u F Ari t Sys Аш; 
2F* (20 +Q)=È ot u Fr (P41 Рг) Ar — > ts Аш; 


4—4 (74 = Q) = Р-р, +5 yt а (Е — P; Ar; + Хот Аш; 


and consequently 
273 (40+ 0) = — Fur,» РАРГА; 


2F(2Q0'4Q)9 Fp ыҚ Ёг1) An; 
therefore finally, 


1 
4Р-2 (20) +Q, + 0) = -шіт + шут + 2 рган Sd 


[48.]* The equations of a final ray are 


on nal DI aga 
PE D ль + F (on mex 


2 2 
c.f. т E 
Yn+1 iin (1 + 23 ) ға Ут, = br ! 


in which 


do. on (o1 +72) + Qiao (302 72) + 9 (@' +Q) сус» + @/ о 


| 57% 


STH E 
l g =4@т»(о„ + т») T 2Q, Фобата + 2Q' e 18: 


if then we make, as in [33.], 
40 = — 44°F, Q, = 0, 


the equations of a final ray will become 


on + TAN (Zn41 
5913200160600 et 
rt) жы F +200 +0) 
оў + т? 


Jua = ть (1 + 2, ) Ен -F+ 2024. 


n 


йз — Foo— Q! of = on( 


h 


, 


457 


Hence, under these conditions, and in the present order of approximation, the final rays all 


intersect the two following FOCAL LINES: 


* [In modern terminology, this section contains a discussion of astigmatism in an instrument of revolution, 
_ corrected for spherical aberration and coma by the relations 49 = —$ и; Е, @,=0. See also p. 378. The fact that the 
system is thin does not enter essentially until the last few lines, although of course it is necessary in the case of a thick 
system to employ different origins in the initial and final media in order to have for 7% the simple form assigned 
in [46.]. The origins must in fact be chosen at the principal points (points of unit lateral magnification); the 


distances of the principal foci beyond and in front of these points will be р, and po F.] 
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Ist. Cru = Fo, " 0! o; ‚хб д^ и F — 2р (0 + Qj) сб; 


IInd. You = 0, Zn+1 = Unf — 2р. 0 o? . 


The ordinate z of the IInd, minus that of the Ist, is equal to 2u,Q,,o2; in which, by preceding 
section, 


0,--40-%90; 
Q,-7iw,?F, 


and the interval between the two focal lines is therefore equal to 


hence, by present section, 


исі Fo, 


= distance of IInd beyond Ist. 


[49.] Combination of Two Lenses. 
(Indiametral Rays.) 


(April 4th, 1844.) By [11.], changing e, є', e,, e/', e,, Е”, to a”, a, aa’, a'a”, aa”, а", we obtain 
for any combination of two coaxal lenses of revolution in vacuo, and for indiametral rays, 


ТӨ = рма + 1 (v — 0) at — фа 
+ hu Ег (та — raa Y + ъи Е (rsa” — то) 
(тув — та” 
Aus (ра — 1? By 
(пва — то)? 
4и (из — 1)? R 


71а? (a — pea’ — зо (pa — a^? rza? (a^ — рда)? — raa”? (pga” — а)? 


{гә (ра — a’)? т (@ — рай”) 


{rs (psc — а — ra (а — pua) 


4 (ша — 1? Ri 4 (ua — 1)? В 
+ 81(@ — pao’) — (pia — | es (07 — paa — (ра — af. 
4 (ua — 1)? Ri Ара UP BRS es 


in which, 2, v2, vs, % are the ordinates of the four vertices; 71, 72, 73, r4 the four curvatures, 
2 2 

5) in the 

developments of z (each y being zero); ui, из indices of the two lenses; a’, а, @'' inclinations of 


initial, intermediate, and final rays (each in vacuo) to the axis of the combination; f£, ta, thick- 
nesses, so that tı = va — 01, ta = v4 — 03; 


positive when surfaces are convex to incident light; 81, 82, $5, $4 coefficients of ( 


Е-ті- 72+ (1 — иг) тт; В =тз— т + (1 — py!) rarita; 
р=1- т + !nt-21-(1 —pu ть; р = 1+0 — wp re = 1+ (1 рг) ret; 


рз=1 — 786 + uz зь = 1—(1— pg ))rsfo; pal rufo — рт =1+(1-м ') rate; 
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a= f'o' +"; 
f-F(um-1)R; f’=F(m-1) R; 
F^ —(u, — 1) А, + (ug 1) Ra + А (m — 1) (ua 1) В Rz; 


T = фан агага (Q +Q) азаа + Qaa + Qu 
Hence, 


Q = $ (3 0) f” — За fti Ri ri f" 456p; ЗЕ *(ry — raf’) 
"ажар ТИ Preis n ру”) 


4pm (а — 1) Ri Apa (ua — 1)? RA 
A rapi f^^ Ts f^? (1 — pa f^? — ra (рә -f"» (a- pis) f ПТ 
4 (ра — 1)? А? 4 (us — 1) RE 4 (ui — 1) Rt 
% {83 (1- э] — 84 (рз — f" е 
4 (ua — 1) R$ j 


Q, =F (9 «олу іы RAP (Р т та) – Зи * Rz т (тз — f" r4 
- mw 113 9 13 R—4 
na -PA (nn nci ("р (fpr — 1) — тз (7 – ра) + &с. = 


the 0,0 + Q,9 of the next section. So far the 14 quantities шү, pa, 7, V2, Vs, 04, 71, Га, T3, T4 
81, S2, 8, Sa, remain entirely arbitrary ; the two component lenses are not necessarily spheric, nor 
thin, nor close together. 


[50.] The first differential coefficient of 7 with respect to a, is 
$ (v — v) + 3t pup? Ron (ria — raa’) — аш В+ (пва — тла) 


та(ғҙа”- 40). " " 
- apa (pa Dg I Gt -a rs рай 


та — raa’)? \ 
a pg inni (na) - n (a — pao )] 


T a” — та " r 


+3 (а – 1) R;? (rio? (a — paa’) — raa (py — a^ — ra p10? (pia — а) 
Ea — 1) * R;? [та (ра — a) + raa (a” — раа)? — rapa? (0 — рда) 
+ (m — 1)? Ег {s1 (@ — po’)? — pisa (ра — a^] 

+ (ua — 1)? R,* {в (рза” — а)? — pass (а — раа)); 
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and if, in this, we make а/-0,а-/”а”, and then divide by a’, and multiply by f’, we find, as 
one part of Q,, | 
ол (m F "+ my Brtrt f as Bets (rs m fr? 


TiS (тару т) т (т f" та) {ra (p-f "F-ra — f" pay] 


pi (ш 71) Ri | in (Ha — 1! Fo 
RY TOS рү— Тї) а (Ts —f'" ny (ra (ps =f") — 7304 (1 —f" pa)} 
ua (а — 1) Ri pa (из — 1)? В 
ый rapi f^ Ta (ps — f") + rs f" (1 7" pa? — rapa f? (1 — f" pa) 
(a — 1)? Ri (иа — 1)? В 
2 (sy == pts) f"? 84 (рз -/” — 83 з (1 —f" ра)? 
ТТА +2( (us — 1) Ri ). 


The other part of Q, is to be found by first taking the differential coefficient of 7 with respect 
to a’, and making а/ = 0, which gives, so far, 
түт (тәр? — ту) 0? D. 7208 (тар — T3 2) 
2ш (а – 1} Ri 2 (а – 1)? Ri 
тар _ (psi — p152) а? | 
2 (м-1 Ri (wi 1) Ri’ 
and then, by making а-/”а”, and dividing by с", we obtain 
1112 (rap? — 71) + 71 (7 рі — 1p2) 
ua (i — 1) 
пр 20а дө) | 
(м — 1) (м-1) )’ 


— За Ето? — 


-- 


Q9--,1/7 Br (алада T 


and finally,* 
Q,- Q4 Q9. 


[There follow a few pages devoted to the case in which one of the two lenses is infinitely thin, 
and in contact with the other; the investigation then ends.] 


ж [The method employed is the following: write 7'9 —(G (а, a, а”) pa уо" =H (a, а"); then 


1 /oH\ 
9 (в). 

eH (,0G 0 2 (498 а ; 
But да’ z (7 да T da’ afa! 4 f" a (29 a’=0 ng (7 да +2). а-/”а" 4 
therefore ©, = 0,00 + 0,2, where 

' (де 1 
pad- (0€ = 1 (96 
Q, )= аз (x). кА. wr 0,9) аз (9). ЖАРУЫ” 1 


[A method for the computation of the aberration coefficients in the general instrument of revolution, following 
Hamilton’s method and notation, will be found in the Appendix, Note 27, p. 512.] 
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